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Thibault Damour∗
Institut des Hautes Etudes Scientifiques, 35 route de Chartres, 91440 Bures-sur-Yvette, France
(Dated: December 5, 2019)
New, structural properties of post-Minkowskian (PM) gravity are derived, notably within its
effective one body (EOB) formulation. Our results concern both the mass dependence, and the high-
energy behavior, of the classical scattering angle. We generalize our previous work by deriving, up
to the fourth post-Minkowskian (4PM) level included, the explicit links between the scattering angle
and the two types of potentials entering the Hamiltonian description of PM dynamics within EOB
theory. We compute the scattering amplitude derived from quantizing the third post-Minkowskian
(3PM) EOB radial potential, including the contributions coming from the Born iterations. We raise
doubts about the general possibility of extracting classical information from a perturbative Born-
Feynman amplitude, and detail the incompatibility between the classical 3PM dynamics recently
derived by Bern et al. [Phys. Rev. Lett. 122, 201603 (2019)], and previous high-energy self-force
results [Phys. Rev. D 86, 104041 (2012)]. We propose a new version of the 3PM dynamics that
is uniquely derived from three requirements: (i) compatibility with known self-force results; (ii)
incorporation of the fifth post-Newtonian (5PN) 3PM scattering independently derived in [Phys.
Rev. Lett. 123, 231104 (2019)]; and (iii) some structural properties present in the result of Bern et
al. We also point out that linear-in-mass-ratio self-force computations can give access to the exact
3PM and 4PM dynamics.
I. INTRODUCTION
The recent, dramatically successful, beginning of
gravitational-wave astronomy [1–4], and the expected
future improvements in the sensitivity of gravitational-
wave detectors, gives a renewed motivation for improv-
ing our theoretical knowledge of the gravitational dy-
namics of two-body systems in General Relativity. Our
current knowledge of the dynamics and gravitational-
wave emission of binary systems has been acquired by
combining several types of (interrelated) analytical ap-
proximations schemes, and furthermore, by completing
analytical results with the results of a certain num-
ber of numerical simulations of coalescing binary black
holes. The main types of analytical schemes that have
been used are: post-Minkowskian (PM), post-Newtonian
(PN), multipolar-post-Minkowskian, effective-one-body
(EOB), black-hole-perturbation, gravitational self-force
(SF), and effective-field-theory (EFT).
Recently, a new avenue for improving our theoretical
knowledge of gravitational dynamics1 has been actively
pursued. It consists of translating the (classical or quan-
tum) scattering observables of gravitationally interacting
two-body systems into some Hamiltonian counterpart.
The idea of mapping quantum gravitational scattering
amplitudes onto some type of gravitational potential had
been first explored long ago [6–11]. The idea of these
works was to construct a two-body Hamiltonian of the
∗Electronic address: damour@ihes.fr
1 We shall not discuss here the related issue of improving our
knowledge of gravitational-wave emission by amplitude methods;
see Ref. [5] and references therein.
type
H(x1,x2,p1,p2) = c
2
√
m21 +
p21
c2
+ c2
√
m22 +
p22
c2
+ V (x1 − x2,p1,p2) , (1.1)
such that the scattering amplitude in the momentum-
dependent potential V (x1−x2,p1,p2) (given by a usual
Born-type expansion) is equal to the scattering amplitude
computed by means of the Feynman-diagrams defined
by a (perturbative) quantum field theory comprising two
scalar fields φ1, φ2 (of massesm1 and m2) interacting via
perturbatively quantized Einstein gravity. This was done
within the framework of the PN approximation scheme,
i.e., using a small-velocity expansion, and working actu-
ally with the PN-expanded form of the Hamiltonian, up
to some finite (and rather low) accuracy:
H(x1,x2,p1,p2) = (m1 +m2)c
2 +
p21
2m1
+
p22
2m2
− p
4
1
8m31c
2
− p
4
2
8m32c
2
+ · · ·+ V PN(x1 − x2,p1,p2) ,
(1.2)
with
V PN(x1 − x2,p1,p2) = − Gm1m2|x1 − x2| + PNcorrections
(1.3)
This did not yield at the time results that could not be
(often more efficiently) obtained by conventional PN clas-
sical computations2. A similar approach was also used in
Quantum Electrodynamics to derive the (v2/c2)-accurate
2 Let us note that Corinaldesi [6] incorrectly concluded that the
2(first post-Coulombian) Breit Hamiltonian. See, notably,
the fourth volume of the Landau-Lifshitz treatise of the-
oretical physics [12] which derives the Breit Hamiltonian
by starting from the scattering amplitude A of two mas-
sive, charged particles.
The idea of extracting classical gravitational dynamics
from scattering amplitude M of two gravitationally in-
teracting massive particles has been further explored and
extended in more recent papers [13–18]. However, these
works limited their ambition to extracting leading terms
in the PN expansion of the dynamics.
It is only quite recently that the issue of linking the
gravitational scattering amplitudeM to PM gravity, i.e.,
without using a small-velocity expansion, has been ex-
plored. This was done at the second post-Minkowskian
(2PM) level (i.e., O(G2) or one-loop) in Refs. [19–23],
and at the third post-Minkowskian (3PM) level (i.e.,
O(G3) or two-loop) in the recent breakthrough work of
Bern et al. [24, 25]. [Let us also mention that Ref. [20]
has extracted both 3PM and 4PM classical information
from the earlier trans-Planckian two-loop result of Am-
ati, Ciafaloni and Veneziano [26].] Let us also mention
some further (partly conjectural) work concerning the
link between the gravitational scattering amplitude of
spinning particles and the classical gravitational inter-
action of Kerr black holes [27–31], as well as work on the
computation of classically measurable quantities from on-
shell amplitudes [32, 33].
Those recent works dealing with PM gravity in connec-
tion with the quantum amplitudeM have been preceded
by older investigations, using purely classical methods,
of the PM expansion of the gravitational dynamics of
two-body systems. The first post-Minkowskian (1PM;
O(G1)) dynamics was studied in Refs. [34–36], while the
second post-Minkowskian (2PM; O(G2)) one was tack-
led in Refs. [37–40]). More recently, the investigation of
classical PM gravity has been revived by showing how
the EOB formalism [41–43] was able to provide a much
simplified description of PM gravity, based on the gauge-
invariant information contained in the scattering func-
tion 12χ(E, J). In particular: (i) Ref. [44] has shown
how the 1PM-accurate classical scattering of two non-
spinning bodies could be transcribed, within the EOB
formalism into the geodesic dynamics of a particle of mass
µ = m1m2/(m1 + m2) in a (linearized) Schwarzschild
background of mass M = m1 +m2. [This EOB formula-
tion of the 1PM dynamics is much simpler than the previ-
ously obtained Arnowitt-Deser-Misner one [36].]; (ii) Ref.
[45] has shown how to transcribe within the EOB formal-
ism the 1PM gravitational interaction of spinning bodies
at all orders in the spins (see also [46]); (iii) Ref. [20] de-
full, 1PN Einstein-Infeld-Hoffmann equations of motion could
be derived from the one-graviton-exchange amplitude. The first
formally correct and complete derivation of the 1PN Hamiltonian
from the one-loop scattering amplitude of two scalar particles is
due to Iwasaki [10]
rived, for the first time, a next-to-leading-order, O(G2)
(second-post-Minkowskian, 2PM) Hamiltonian EOB de-
scription of the (non-spinning) two-body dynamics from
the classical 2PM scattering angle [39] (This EOB de-
scription of the 2PM dynamics is equivalent, but sim-
pler, than the one later derived in [22], using a potential
of the form of Eq. (1.1)); (iv) Ref. [47] derived (by using
the 2PM-accurate metric of Ref. [38]) a 2PM-accurate
Hamiltonian EOB description of the gravitational inter-
action of two spinning bodies at linear order in spins; (v)
a conjectural 2PM-level generalization of the 1PM result
of Ref. [45] concerning the non-linear-in-spin dynamics
of aligned-spin bodies was proposed in Ref. [48].
The main aim of the present paper is to critically reex-
amine the basic conceptual issue of the link between the
classical PM dynamics and the quantum amplitude M.
Several tools have been presented in the literature [13–
26, 32, 33] to retrieve the classical information contained
inM. These tools gave a correct result at the 2PM (one-
loop) level [19–21]. In addition, the 5PN-level truncation
of the classical 3PM dynamics extracted from the two-
loop result of Bern et al. [24, 25] (see also Ref. [49])
has been recently confirmed by an independent, purely
classical computation [50]. However, we shall show that
the high-energy behavior of the classical 3PM dynamics
of Refs. [24, 25] is incompatible with the high-energy
behavior of the energetics of large-mass-ratio binary sys-
tems found some years ago by Akcay et al. [51]. This
will lead us to conclude that the classical 3PM dynamics
of Refs. [24, 25] is incorrect.
The other aim of the present work is to derive some
structural properties of the classical scattering angle, χ,
considered as a function of the various arguments in
which it can be expressed: energy, angular momentum,
impact parameter, and masses. This will allow us to de-
rive several new results of direct importance for improv-
ing our current knowledge of the dynamics of two-body
systems. In particular, we shall: (i) derive a property
of the dependence of χ on the masses which was cru-
cially used in Ref. [50] for determining most of the mass
dependence of the 5PN-level dynamics; and (ii) obtain
a precise constraint on the high-energy behavior of χ
(derived from the SF result of Ref. [51]). The latter
high-energy constraint is incompatible with the recently
presented 3PM-level results of Bern et al. [24, 25], but
suggests what type of correction should be brought to it.
This will lead us to conjecture a new result for the 3PM
dynamics that is compatible, at once, with the classically
derived high-energy limit of Ref. [51], with the 5PN-level
O(G3) scattering [50], and with some structural features
of the results of Refs. [24, 25]. Our new conjectured 3PM
dynamics disagrees not only with the full results of Refs.
[24, 25], but also with the earlier two-loop, high-energy
result of Ref. [26].
In addition, a secondary aim of the present work is to
clarify the various links between the three physical quan-
tities involved in the above-mentioned maps: the classical
scattering angle χ, the quantum scattering amplitudeM
3(considered in a limit corresponding to classical scatter-
ing), and the two different potentials (EOB-type [20] or
EFT-type [22]) used to transcribe (classical or quantum)
scattering observables into an Hamiltonian description.
In this connection, we will explicitly derive below the
map3 between the 3PM-level classical Hamiltonian and
the corresponding piece of the two-loop amplitude. Our
3PM-level map will be found to be fully compatible with
the corresponding results in section 10 of Ref. [25], but
are more complete in that they detail the IR-divergent
contributions coming from iterating the 1PM and 2PM
levels, which also contribute IR-finite terms. Some of the
results derived below (which have been presented in var-
ious talks [52]), have been recently discussed from quite
different (non-EOB-based) perspectives in two recent pa-
pers [53, 54].
Technically speaking, we will be dealing below with the
3PM-accurate expansions (i.e., the expansions in powers
of the gravitational constant G up to G3 included) of
various physical quantities: the classical (half) scattering
angle expressed as a function of (center-of-mass) energy
(E =
√
s) and angular momentum (J),
1
2
χ(E, J) =
χ1(Êeff , ν)
j
+
χ2(Êeff , ν)
j2
+
χ3(Êeff , ν)
j3
+O(G4),
(1.4)
(see below the definitions of the dimensionless variables
Êeff , j and ν) the (relativistic) quantum scattering am-
plitude expressed as a function of Mandelstam invariants
s = −(p1 + p2)2 and t = −(p′1 − p1)2 (in the mostly-plus
signature we use),
M(s, t) = GM1(s, t)+G2M2(s, t)+G3M3(s, t)+O(G4),
(1.5)
and the PM expansions of the two (closely connected)
types of EOB-type potentials describing the gravita-
tional interaction of two classical masses. Namely, with
u ≡ GM/REOB, and now including the 4PM, O(G4),
contribution,
Q̂(p, u) = u2q2(p) + u
3q3(p) + u
4q4(p) + · · · , (1.6)
and (with u¯ ≡ GM/R¯EOB; in isotropic coordinates)
w(γ, u¯) = w1(γ)u¯+ w2(γ)u¯
2 + w3(γ)u¯
3 + w4(γ)u¯
4 + · · ·
(1.7)
As we will explicitly discuss, these EOB potentials are
equivalent (and simpler) than the more traditional type
of potential V (x1 − x2,p1,p2) entering Eq. (1.1), and
used in the EFT-type formalism of Refs. [22, 24, 25]. We
briefly discuss in Appendix A the link between the EOB
3 Here, we talk of the one-way map starting from the classical dy-
namics and computing a corresponding quantum amplitudeM.
Our doubts concern the existence and uniqueness of an inverse
map that would start from the full M and extract from it the
classical dynamics.
potentials and the PM expansion of the isotropic-gauge
EFT-type potential [22] in the center of mass (c.m.)
frame,
V (P,X) = G
c1(P
2)
|X| +G
2 c2(P
2)
|X|2 +G
3 c3(P
2)
|X|3 +· · · (1.8)
The precise technical meaning of the EOB potentials,
Q̂(p, u) and w(γ, u¯), will be presented below. On the
right-hand side of (1.4) we have replaced the total c.m.
energy of the two-body system , E = Ereal =
√
s, by
the corresponding dimensionless EOB “effective energy”
[41–44],
Êeff ≡ Eeff
µ
≡ (Ereal)
2 −m21 −m22
2m1m2
=
s−m21 −m22
2m1m2
.
(1.9)
Let us note in advance that, in scattering situations,
Êeff is equal to the relative Lorentz gamma factor of the
incoming worldlines, denoted γ below (and σ in Refs.
[24, 25]). In addition, we have replaced the total (c.m.)
angular momentum J by the dimensionless variable
j ≡ J
Gm1m2
=
J
GµM
, (1.10)
with
M ≡ m1 +m2; µ ≡ m1m2
m1 +m2
; ν ≡ µ
M
=
m1m2
(m1 +m2)2
.
(1.11)
As 1/j = Gm1m2/J , the perturbative expansion of the
(classical) scattering function in powers of the gravita-
tional constant G (i.e. its PM expansion) is seen to be
equivalent to an expansion in inverse powers of the an-
gular momentum.
II. ON THE MASS DEPENDENCE OF THE
CLASSICAL TWO-BODY SCATTERING
FUNCTION.
The aim of the present section is to extract from PM
perturbation theory simple rules constraining the mass
dependence of the scattering function at each PM order.
Though their technical origin is rather simple, these rules
turn out to give very useful constraints on the functional
structure of the scattering function. The PM perturba-
tion theory of interacting point masses has been worked
out at the 2PM (one-loop) level long ago [37–39]. Re-
cently, Refs. [20, 44, 47] have outlined a formal iteration
scheme for computing the PM expansion of the scatter-
ing function to all PM orders, and showed how it could
be naturally expressed as a sum of Feynman-like dia-
grams (see Fig. 1 in [44], and Figs. 1 and 2 in [20]).
Let us recall this construction. The PM expansion of
the classical momentum transfer, i.e., the total change
∆paµ, between the infinite past and the infinite future,
of the 4-momentum paµ = mauaµ of the particle labelled
4by a = 1, 2 (dubbed the “impulse” in Ref. [32]), is ob-
tained by inserting on the right-hand side of the integral
expression
∆paµ = −ma
2
∫ +∞
−∞
dsa ∂µg
αβ(xa)uaαuaβ , (2.1)
the iterative solutions (in successive powers of G) of the
combined system of equations describing the coupled evo-
lution of the two worldlines
dxµa
dsa
= gµν(xa)uaν ,
duaµ
dsa
= −1
2
∂µg
αβ(xa)uaαuaβ , (2.2)
and of the metric gµν . The latter both mediates the
interaction between the two worldlines, and is generated
by them via Einstein’s equations,
Rµν − 1
2
Rgµν = 8πGT µν , (2.3)
with
T µν(x) =
∑
a=1,2
ma
∫
dsau
µ
au
ν
a
δ4(x− xa(sa))√
g
, (2.4)
where uµa ≡ gµνuaν and g = − det gµν .
Here we need to work in some gauge (say in har-
monic gauge), and, as we are discussing the conservative
dynamics of two particles, we iteratively solve Einstein
equations (2.3) by means of the time-symmetric classical
graviton propagator (in Minkowski spacetime)
Pαβ;α′β′(x− y) =
(
ηαα
′
ηββ
′ − 1
2
ηαβηα
′β′
)
Gsym(x − y),
(2.5)
with Gsym(x − y) = δ (ηµν(xµ − yµ)(xν − yν)).
The crucial point for our present purpose is that this
iterative procedure, which involves expanding in powers
of G both the worldlines, say
xµa(sa) = 0x
µ
a(sa) +G 1x
µ
a(sa) +G
2
2x
µ
a(sa) + · · · ,
uaµ(sa) = 0uaµ(sa) +G 1uaµ(sa) +G
2
2uaµ(sa) + · · ·
(2.6)
and the metric
gµν(x) = ηµν −Ghµν1 (x) −G2hµν2 (x)− · · · , (2.7)
will yield, at each order Gn, expressions that are actually
homogeneous polynomials of degree n in the masses ma.
E.g.
hµν1 (x) = m1h
µν
m1(x) +m2h
µν
m2(x),
hµν2 (x) = m
2
1h
µν
m2
1
(x) +m22h
µν
m2
2
(x) +m1m2h
µν
m1m2(x).
(2.8)
Here, we assume that the iterative solutions are system-
atically expressed in terms of the mass-independent data
describing the two asymptotic incoming worldlines, say
0x
µ
a(sa) = x
µ
a0 + u
µ
a0sa. See, e.g., section IV of Ref.
[47] for an explicit example of the structure of the PM-
expanded metric, and worldlines, expressed as explicit
functionals of the incoming worldline data (and for a dis-
cussion of the logarithmic asymptotic corrections to the
asymptotic free motions). From a geometric perspective,
the latter incoming worldline data can be described by
the two incoming 4-velocity vectors uµ10 and u
µ
20, and by
the vectorial impact parameter bµ = xµ10−xµ20 (chosen so
as to be orthogonal to uµ10 and u
µ
20).
At the end of the day, one gets a PM expansion for
∆p1µ = −∆p2µ (expressed in terms of bµ/b, uµ10 and uµ20)
that is, at each order in G, a polynomial in the masses.
It can therefore be written as
∆p1µ = −2Gm1m2 2(u10.u20)
2 − 1√
(u10.u20)2 − 1
bµ
b2
+
Gm1m2
b
∆µ.
(2.9)
Here we displayed the leading-order term [35, 39, 44] and
indicated that the higher PM contributions (described by
the term Gm1m2b ∆µ with ∆µ = G∆
(1)
µ + G2∆
(2)
µ + · · · )
all contain m1m2 as a common factor. Each PM contri-
bution ∆
(n)
µ is a combination of the three vectors bµ/b,
uµ10 and u
µ
20, with coefficients that are, at each order in
G, homogeneous polynomials in Gm1 and Gm2. By di-
mensional analysis, as the only length scale entering each
order in the PM expansion4 is the impact parameter b,
we can write the three vectorial coefficients of the dimen-
sionless ∆
(n)
µ as polynomials in Gm1/b and Gm2/b, with
coefficients depending only on the dimensionless quantity
γ ≡ −u10.u20 . (2.10)
The latter quantity (denoted σ in Refs. [24, 25]), which
is the relative Lorentz factor between the two incoming
particles, will play a central role in the following. Let
us immediately note that it is equal to the dimensionless
effective EOB energy of the binary system:
γ = Êeff . (2.11)
Indeed,
γ = −p10.p20
m1m2
= − (p10 + p20)
2 − p210 − p220
2m1m2
=
s−m21 −m22
2m1m2
, (2.12)
to be compared with the EOB definition (1.9).
Let us now consider the magnitude of the (classical)
momentum transfer, namely
Q ≡ √−t ≡
√
ηµν∆p1µ∆p1ν , (2.13)
4 This contrasts with the PN expansion where one has two dif-
ferent length scales: b and the characteristic wavelength of the
gravitational radiation λ ∼ cb/v.
5which is related to the center-of-mass (c.m.) scattering
angle χ via
Q = 2Pc.m. sin
χ
2
. (2.14)
The structure of the PM expansion of the vectorial mo-
mentum transfer (2.9) is easily seen to imply that
Q =
2Gm1m2
b
[
Q1PM(γ)
+
(
Q
2PM
1 (γ)
Gm1
b
+ Q2PM2 (γ)
Gm2
b
)
+
(
Q3PM11 (γ)
(
Gm1
b
)2
+ Q3PM22 (γ)
(
Gm2
b
)2
+ Q3PM12 (γ)
Gm1
b
Gm2
b
)
+
(
Q4PM111 (γ)
(
Gm1
b
)3
+ Q4PM222 (γ)
(
Gm2
b
)3
+ Q3PM112 (γ)
(
Gm1
b
)2
Gm2
b
+ Q3PM122 (γ)
Gm1
b
(
Gm2
b
)2)
+ · · ·
]
(2.15)
where
Q
1PM(γ) =
2γ2 − 1√
γ2 − 1 . (2.16)
Three apparently trivial, but quite useful, pieces of in-
formation controlling the structure of this PM expan-
sion are: (i) the homogeneous polynomial dependence
in m1 and m2 (and therefore, by dimensional analysis,
in Gm1/b and Gm2/b) at each PM order; and (ii) the
exchange symmetry between the two masses; and (iii)
the consideration of the test-particle limit where, say,
m1 ≪ m2. The exchange symmetry tells us that, for
instance, Q2PM1 (γ) = Q
2PM
2 (γ), Q
3PM
11 (γ) = Q
3PM
22 (γ),
Q4PM111 (γ) = Q
4PM
222 (γ), Q
4PM
112 (γ) = Q
4PM
122 (γ), etc. In other
words, at each PM order, we will have a symmetric poly-
nomial in m1 and m2, with γ-dependent coefficients. In
addition, the test-mass limit tells us that all the functions
involving only one mass are equal to the corresponding
function of γ appearing in the scattering of a test mass
around a Schwarzschild black hole. Therefore, we have
Q1PM(γ) = Q1PMS (γ) ,
Q
2PM
1 (γ) = Q
2PM
2 (γ) = Q
2PM
S (γ) ,
Q3PM11 (γ) = Q
3PM
22 (γ) = Q
3PM
S (γ) ,
Q4PM111 (γ) = Q
4PM
222 (γ) = Q
4PM
S (γ) . (2.17)
The 1PM-level result (first line of (2.17)) was already
used in [44] to show that the 1PM dynamics is equivalent
(after using the EOB energy map) to geodesic motion in
a linearized Schwarzschild metric of mass M = m1+m2.
Let us emphasize that the 2PM-level result (second line
of (2.17)) gives a one-line proof that the 2PM fractional
contribution to the momentum transfer (considered as a
function of the impact parameter) of a two-body system
is simply given by the formula,
Q2PMS (γ)
G(m1 +m2)
b
, (2.18)
where Q2PMS (γ) denotes the function of γ obtained by
computing the 2PM-accurate scattering of a test particle
around a Schwarzschild black hole, namely (see, e.g., [20])
Q2PMS (γ) =
3π
8
5γ2 − 1√
γ2 − 1
. (2.19)
The test-mass computation yielding (2.19) (equivalent to
Eq. (3.19) in [20]) is much simpler than the full, two-body
2PM scattering computation (involving complicated non-
linear terms and recoil effects) first done by Westpfahl
[39] (and recently redone in [47]). The simple link be-
tween the 2PM test-mass result and the two-body one
was also recently discussed in Ref. [48], but in a differ-
ent context, and arguing from the structure of the so-
called classical part of the one-loop amplitude [19, 21],
instead of our purely classical analysis above. Note that
the mass-dependence we are talking about here has taken
an especially simple form because we focussed on the vari-
able Q as a function of γ and b. As we shall see next, the
mass-dependence of the scattering angle χ as a function
of γ and either b or j ≡ JGm1m2 is more involved.
Summarizing so far, we conclude that both the 1PM
and 2PM two-body scattering can be deduced (without
any extra calculation) from the 1PM and 2PM test-mass
scattering.
Let us now consider what happens at higher PM or-
ders. At the 3PM order, O(G3), we conclude from the
above results that the scattering depends not only on
the test-mass-derivable function Q3PM11 (γ) = Q
3PM
22 (γ) =
Q3PMS (γ), but also on a single further function of γ,
namely Q3PM12 (γ). Similarly, at the 4PM order, the
full two-body scattering depends, besides the test-mass-
derivable function Q4PM111 (γ) = Q
4PM
222 (γ) = Q
4PM
S (γ), on a
single further function of γ, namely Q4PM112 (γ) = Q
4PM
122 (γ).
It is easy to generalize this result to higher PM orders.
E.g., at 5PM, modulo the 1 ↔ 2 symmetrization, there
will be terms ∝ m41, m31m2 and m21m22. The first one of
these is deducible from the test-mass limit, so that the
full two-body 5PM scattering depends on only two non-
trivial extra functions of γ. The same counting applies at
the 6PM level where there will be (modulo 1 ↔ 2 sym-
metrization) terms ∝ m51 (test-mass-deducible), m41m2
and m31m
2
2. The general rule is that, at the nPM order,
there will appear only (using [· · · ] to denote the integer
part)
d(n) ≡
[
n− 1
2
]
, (2.20)
non-test-mass-deducible functions of γ.
6The latter result can be translated into a dependence
on the symmetric mass ratio ν ≡ m1m2/(m1 + m2)2 if
one expressesm1 and m2 in terms of the total massM =
m1 +m2, and of the two dimensionless mass ratios
X1 ≡ m1
m1 +m2
=
1−√1− 4ν
2
X2 ≡ m2
m1 +m2
= 1−X1 = 1 +
√
1− 4ν
2
, (2.21)
such that ν ≡ X1X2. Indeed, an homogeneous, symmet-
ric polynomial of degree n in the masses yields (after
division by Mn) a sum
∑
k ckX
k
1X
n−k
2 . Using X2 ≡
1 − X1 and symmetrizing over 1 ↔ 2 yields a sum∑
k c
′
k(X
k
1 + X
k
2 ) over 0 ≤ k ≤ n. What will be im-
portant here is the maximum power of ν entering such
symmetric polynomials in the mass ratios. We note the
following results
X21 +X
2
2 = 1− 2ν ,
X31 +X
3
2 = 1− 3ν ,
X41 +X
4
2 = 1− 4ν + 2ν2 ,
X51 +X
5
2 = 1− 5ν + 5ν2 . (2.22)
More generally, Xk1 +X
k
2 is a polynomial in ν of degree[
k
2
]
. At the nPM order, after having factored the pref-
actor,
2Gm1m2
b
(
GM
b
)n−1
, (2.23)
there appears such an homogeneous, symmetric polyno-
mial of degree n− 1 in X1 and X2.
Finally, the PM expansion of the momentum transfer
can be written as:
Q =
2Gm1m2
b
∑
n≥1
(
GM
b
)n−1
Q
nPM(γ, ν) , (2.24)
where QnPM(γ, ν) is a polynomial in ν of degree d(n) ≡[
n−1
2
]
:
Q
nPM(γ, ν) = QnPM0 (γ)+νQ
nPM
1 (γ)+. . .+ν
d(n)QnPMd(n) (γ)
(2.25)
For instance, at the 3PM level, we have explicitly
Q3PM(γ, ν) = Q3PM11 (γ)(X
2
1 +X
2
2 ) + Q
3PM
12 (γ)X1X2
= Q3PMS (γ)(1− 2ν) + Q3PM12 (γ)ν . (2.26)
It is easily seen that, at all PM orders, the coefficient of ν0
is simply the result given by the test-mass computation:
QnPM0 (γ) = Q
nPM
S (γ) . (2.27)
Let us now translate the above structural information
into an information about the classical scattering func-
tion itself, i.e. the half scattering angle χ/2 considered
as a function of the energy and angular momentum of
the system. As indicated in Eq. (1.4), it is convenient to
measure the total c.m. energy of the system by means of
the dimensionless effective energy Êeff = γ given by Eq.
(1.9), and to measure the total c.m. angular momentum
by means of the dimensionless variable j = J/(Gm1m2),
Eq. (1.10). We also need the relations connecting the
c.m. total linear momentum Pc.m. both to b, to J and to
γ. These are (see Eqs. (7.6) and (10.27) in [20])
bPc.m. = J = Gm1m2j
ErealPc.m. =
√
(p10.p20)2 − p210p220 = m1m2
√
γ2 − 1 .
(2.28)
From these links follows the following relation
GM
b
=
√
γ2 − 1
h(γ, ν)j
=
peob
h(γ, ν)j
(2.29)
Here we introduced some abbreviated notation for two di-
mensionless quantities crucially entering many equations,
namely
h(γ, ν) ≡ Ereal
M
=
√
s
M
=
√
1 + 2ν(γ − 1) ,
peob ≡
√
γ2 − 1 ≡ p∞ . (2.30)
[We will indifferently use the notation peob or p∞.] In-
serting these relations in the above expression of the mo-
mentum transfer Q, and computing
sin
χ
2
=
Q
2Pc.m.
(2.31)
yields
sin
χ
2
=
1
j
∑
n≥1
(
peob
h(γ, ν)j
)n−1
QnPM(γ, ν) . (2.32)
This reads more explicitly
sin
χ
2
=
Q1PM(γ)
j
+
peobQ
2PM(γ)
h(γ, ν)j2
+
p2eobQ
3PM(γ, ν)
h2(γ, ν)j3
+
p3eobQ
4PM(γ, ν)
h3(γ, ν)j4
+ · · · (2.33)
Let us compare this expression to the usual way of writ-
ing the scattering function, namely (using γ ≡ Êeff as
energy variable and j ≡ J/(Gm1m2) as angular momen-
tum variable)
1
2
χ(Ereal, J) =
χ1(γ, ν)
j
+
χ2(γ, ν)
j2
+
χ3(γ, ν)
j3
+
χ4(γ, ν)
j4
+ · · · , (2.34)
which implies
sin
1
2
χ(γ, j, ν) =
χ˜1(γ, ν)
j
+
χ˜2(γ, ν)
j2
+
χ˜3(γ, ν)
j3
7+
χ˜4(γ, ν)
j4
+ · · · . (2.35)
where
χ˜1 = χ1 ,
χ˜2 = χ2 ,
χ˜3 = χ3 − 1
6
χ31 ,
χ˜4 = χ4 − 1
2
χ21 χ2 . (2.36)
When comparing the definitions of the expansion coeffi-
cients χn and χ˜n to the structural result (2.33) we find
χ˜n(γ, ν) =
pn−1eob Q
nPM(γ, ν)
hn−1(γ, ν)
(2.37)
Remember the fact that QnPM(γ, ν) was proven above to
be a polynomial in ν of degree d(n) (with γ-dependent
coefficients). We then get the rule that
hn−1(γ, ν)χ˜n(γ, ν) = P˜
γ
d(n)(ν) , (2.38)
where P˜ γd(n)(ν) denotes a polynomial in ν of degree d(n)
with γ-dependent coefficients. When transferring this
information into a corresponding information for the
expansion coefficients χn(γ, ν) of
1
2χ(γ, j), using Eqs.
(2.36), it is easily seen that we have the same structure
for them, namely
hn−1(γ, ν)χn(γ, ν) = P
γ
d(n)(ν) , (2.39)
where P γd(n)(ν) denotes another degree-d(n) polynomial
in ν with γ-dependent coefficients.
We can combine this structural information with the
knowledge of the test-mass limit of the χn(γ, ν)’s. In
the context of the functions χn(γ, ν), the test-mass limit
is simply the ν → 0 limit. Therefore, the ν → 0 limit
of the various χn(γ, ν)’s must coincide with the values
χSchwn (γ) of the scattering coefficients for a test particle
in a Schwarzschild background. The latter values were
computed in [20] with the results
χSchw1 (peob) =
2 p2eob + 1
peob
=
2 γ2 − 1√
γ2 − 1 , (2.40)
χSchw2 (peob) =
3π
8
(5 p2eob + 4) =
3π
8
(5 γ2 − 1), (2.41)
χSchw3 (peob) =
64 p6eob + 72 p
4
eob + 12 p
2
eob − 1
3 p3eob
, (2.42)
χSchw4 (peob) =
105π
128
(33 p4eob + 48 p
2
eob + 16). (2.43)
We then get the information that
P γd(n)(0) = χ
Schw
n (peob) . (2.44)
As already implied by the discussion above, this fully
determines the 1PM [35, 44] and 2PM [39, 47] scattering
coefficients, namely
χ1(γ, ν) = χ
Schw
1 (γ) =
2γ2 − 1√
γ2 − 1 . (2.45)
and
χ2(γ, ν) =
χSchw2 (γ)
h(γ, ν)
=
3π
8
(5 γ2 − 1)
h(γ, ν)
(2.46)
Note in passing that it is crucial, in order to find the
ν-independence of χ1(γ, ν), to measure the energy by
means of γ (i.e. the EOB effective energy), and not by
means of the total c.m. energy Ereal =
√
s =Mh(γ, ν).
Concerning the higher-order expansion coefficients, us-
ing the fact that h2(γ, ν) = 1+2ν(γ− 1) is a linear func-
tion of ν (so that a polynomial in ν can be reexpressed
as a polynomial in h2(γ, ν)) they can be written in the
following form
χ3(γ, ν) = χ̂
(0)
3 (γ) +
χ̂
(2)
3 (γ)
h2(γ, ν)
,
χ4(γ, ν) =
χ̂
(1)
4 (γ)
h(γ, ν)
+
χ̂
(3)
4 (γ)
h3(γ, ν)
,
χ5(γ, ν) = χ̂
(0)
5 (γ) +
χ̂
(2)
5 (γ)
h2(γ, ν)
+
χ̂
(4)
5 (γ)
h4(γ, ν)
,
χ6(γ, ν) =
χ̂
(1)
6 (γ)
h(γ, ν)
+
χ̂
(3)
6 (γ)
h3(γ, ν)
+
χ̂
(5)
6 (γ)
h5(γ, ν)
, (2.47)
with the information that, at each PM order, the sum
over k of the various numerators χ̂
(k)
n (γ) is equal to the
Schwarzschild limit χSchwn (γ). This implies, for instance,
that at the 3PM level we can also write
χ3(γ, ν) = χ
Schw
3 (γ) + χ̂
(2)
3 (γ)
(
1
h2(γ, ν)
− 1
)
, (2.48)
where the last term vanishes when ν → 0. A similar
structure describes the 4PM-level scattering, namely
χ4(γ, ν) =
χSchw4 (γ)
h(γ, ν)
+
χ̂
(3)
4 (γ)
h(γ, ν)
(
1
h2(γ, ν)
− 1
)
. (2.49)
In both cases, we see that the full 3PM and 4PM dynam-
ical information is encapsulated in a single function of γ,
namely χ̂
(2)
3 (γ) and χ̂
(3)
4 (γ), respectively.
Let us note that in the high-energy (HE) limit (γ →
∞, i.e. peob → ∞) we have the following asymptotic
behavior of the test-mass-limit scattering coefficients
χSchwn (peob)
HE
= cχSchwn p
n
eob
HE
= cχSchwn γ
n , (2.50)
where cχSchwn is a numerical constant. We shall argue
below that the same asymptotic behavior (though with
different numerical constants cχn) holds for the building
blocks χ̂
(k)
n (γ) introduced above.
8III. PM-EXPANDED EOB HAMILTONIAN AND
EOB RADIAL POTENTIAL
A. EOB Hamiltonian in PM gravity
Refs. [20, 44] introduced a new, PM-based, approach
to the conservative dynamics of two-body systems based
on the the EOB formalism. This led to simple EOB
descriptions of the 1PM [44], 2PM [20], and 3PM [49]
Hamiltonians. Here, we will reconsider the 3PM EOB
Hamiltonian derived from the quantum-amplitude ap-
proach of Refs. [24, 25]. Let us start by recalling the
PM-EOB formalism of Refs. [20, 44].
The basic feature of the EOB formalism [41–43] is to
describe the two-body dynamics in terms of a one-body
Hamiltonian, which describes the dynamics of the relative
two-body motion within the c.m. frame of the two-body
system. The simplest way to define the EOB Hamilto-
nian is to say that: (i) the (“real”) c.m. Hamiltonian of
the two-body system is related to the conserved energy
Eeff of the “effective” dynamics by Eq. (1.9), i.e.
Hreal(R,P) =M
√
1 + 2ν
(Eeff
µ
− 1
)
; (3.1)
and, (ii) the effective energy Eeff is related to the dynam-
ical variables R,P describing the relative c.m. dynamics
via a mass-shell condition of the form
0 = gµνeffPµPν + µ
2 +Q(Xµ, Pµ) , (3.2)
where gµνeff is the (inverse of an) effective metric of the
form
geffµνdx
µdxν = −A(R)dT 2+B(R)dR2+C(R)(dθ2+sin2 θdϕ2),
(3.3)
and where Q(Xµ, Pµ) is a Finsler-type additional con-
tribution, which contains higher-than-quadratic in mo-
menta contributions. The time-invariance, and spherical
symmetry, of the effective metric (and of Q), implies (for
equatorial motions) the existence of the two conserved
quantities P0 and Pϕ, which are respectively identified
with
P0 = −Eeff , Pϕ = J . (3.4)
For any given additional mass-shell contribution Q ex-
pressed as a function of R, P, and Eeff , say Q =
Q(R,P, Eeff), the effective Hamiltonian Eeff = Heff(R,P)
is then obtained by solving
0 = −E
2
eff
A
+
P 2R
B
+
P 2ϕ
C
+ µ2 +Q(R,P, Eeff) , (3.5)
with respect to Eeff , and then inserting the result in the
real, two-body Hamiltonian (3.1).
In a PM framework, i.e. when working perturbatively
in G, it was shown in [20, 44] that: (i) the effective met-
ric can be taken to be a Schwarzschild metric of mass
M = m1 +m2; and (ii) one could (by using some gauge
freedom) construct Q so that it depends only on R = |R|
and some energy-like variable ( “energy gauge”). There
are two simple choices for defining such an energy-gauge.
Using the shorthand notation
u ≡ GM
R
, (3.6)
one can either write Q as a function of u and Eeff ,
QE(u, Eeff) = u2Q2(Eeff)+u3Q3(Eeff)+u4QE4 (Eeff)+O(G5),
(3.7)
or, one can express Q as a function of position and mo-
menta by writing
QH(u,HS) = u
2Q2(HS)+u
3Q3(HS)+u
4QH4 (HS)+O(G
5),
(3.8)
where HS denotes the Schwarzschild Hamiltonian, i.e.
HS(u, PR, Pϕ) =
√
A(R)
(
P 2R
B(R)
+
P 2ϕ
C(R)
+ µ2
)
. (3.9)
The second form was initially advocated in [20] because it
allows one to explicitly solve the mass shell condition (??)
for Eeff as a function of position and momenta, namely
Eeff = Heff(R,P)
=
√
A
(
P 2R
B
+
P 2ϕ
C
+ µ2 +QH [u,HS(u, PR, Pϕ)]
)
.
(3.10)
However, Ref. [20] also used the first form (3.7) because
of its usefulness in getting an explicit energy-dependent
potential that can be easily quantized. As indicated by
the notation used in Eqs. (3.7), (3.8), the difference be-
tween the expansion coefficients Qn entering these two
perturbative expansions starts at order G4. This follows
from the fact that Q itself starts at order G2, as a con-
sequence of the remarkable fact that the 1PM dynamics
can be mapped onto the geodesic dynamics of a particle
of mass µ moving in a Schwarzschild background of mass
M [44]).
In the following we will mostly work with the first, E-
form of the energy gauge. It will be also be convenient
to work with dimensionless, rescaled quantities, say
Q̂ ≡ Q
µ2
, p ≡ P
µ
, Ĥeff ≡ Heff
µ
, (3.11)
and to denote the PM expansion coefficients of Q̂ simply
as qn ≡ Qn/µ2, e.g.,
Q̂E(u, γ) = u2q2(γ)+u
3q3(γ)+u
4qE4 (γ)+O(G
5), (3.12)
where we used Eq. (2.11) to write Êeff ≡ Eeff/µ simply
as γ.
9B. Energy-dependent, radial scattering potential
within the EOB framework
In the previous subsection we recalled how PM gravity
can be encoded, within the EOB formalism, by means of
a PM-expanded mass-shell function Q(R,P, Eeff). When
discussing the quantum scattering amplitude correspond-
ing to a given PM-expanded Q, it was found convenient
in [20] to transform Q into an equivalent PM-expanded,
energy-dependent radial potential W (R¯, Eeff). Let us re-
call this transformation.
Most of the past work in EOB dynamics has found it
convenient to represent the EOB effective metric (3.3)
by using a Schwarzschild-like radial coordinate, i.e. by
choosing a coordinate R such that the coefficient C(R) of
dθ2+sin2 θdϕ2 is equal to R2. In keeping with the latter
usage, we shall denote simply by R such a Schwarzschild-
like radial coordinate, and by u the corresponding quan-
tity GM/R. On the other hand, when discussing the
effective potential describing the scattering dynamics, it
is convenient (following the 2PM-level treatment of Sec.
X of Ref. [20]) to use isotropic coordinates, i.e. a new
radial coordinate, say R¯, such that C(R¯) = R¯2B(R¯)) for
the Schwarzschild metric entering the EOB mass shell
condition (3.5). The link between R and R¯ is
R = R¯
(
1 +
GM
2R¯
)2
, (3.13)
or
u = u¯
(
1 +
u¯
2
)−2
. (3.14)
In these coordinates, the usual formulas A(u) = 1−2u =
1/B(u) transform into
A¯(u¯) =
(
1− 12 u¯
1 + 12 u¯
)2
; B¯(u¯) =
(
1 +
1
2
u¯
)4
, (3.15)
where we added a bar on A, and B (and on the argument
u), to recall the use of isotropic coordinates.
We shall denote the Cartesian coordinates linked in
the usual way to R¯, θ, ϕ as X i = X, and the correspond-
ing (covariant) momenta Pi as P (for simplicity we do
not put bars on X and P). The E-type mass shell condi-
tion then directly leads to an energy-dependent quadratic
constraint on the momenta of the form
P2 = P 2∞ +W (u¯, P∞) , (3.16)
where
P 2∞ ≡ E2eff − µ2 = µ2(γ2 − 1) , (3.17)
and where the energy-dependent “potential” W is given
by
P 2∞ +W (u¯, P∞) = B¯(u¯)
( E2eff
A¯(u¯)
− µ2 −Q(u¯, Eeff)
)
.
(3.18)
The radial potentialW (u¯, P∞) tends to zero at large dis-
tances (i.e. when u¯ = GM/R¯→ 0) and can be rewritten
as
W (u¯, P∞) = E2eff
(
B¯(u¯)
A¯(u¯)
− 1
)
− µ2 (B¯(u¯)− 1)− B¯(u¯)QE(u¯, Eeff)
(3.19)
Its PM expansion directly follows by combining the u¯
expansion of the metric functions A¯(u¯), B¯(u¯), with the
PM expansion of QE(u¯, Eeff). It reads
W (u¯, P∞) =W1u¯+W2u¯
2 +W3u¯
3 +W4u¯
4 + · · ·
=
GMW1
R¯
+
G2M2W2
R¯2
+
G3M3W3
R¯3
+
G4M4W4
R¯4
+ · · ·
(3.20)
It is often more convenient to work with a rescaled ver-
sion of these results in which one uses the dimensionless
variables
r¯ =
R¯
GM
,p =
P
µ
, p∞ =
P∞
µ
=
√
γ2 − 1 . (3.21)
One then has
p2 = p2∞ + w(u¯, p∞) , (3.22)
where
w(u¯, p∞) =
W (u¯, p∞)
µ2
, (3.23)
i.e.
w(u¯, p∞) = γ
2
(
B¯(u¯)
A¯(u¯)
− 1
)
− (B¯(u¯)− 1)− B¯(u¯)Q̂E(u¯, γ) . (3.24)
The rescaled potential w(u¯, p∞) has the following PM
expansion
w(u¯, p∞) = w1(γ)u¯ + w2(γ)u¯
2 + w3(γ)u¯
3 + w4(γ)u¯
4 + · · ·
=
w1(γ)
r¯
+
w2(γ)
r¯2
+
w3(γ)
r¯3
+
w4(γ)
r¯4
+ · · ·
(3.25)
where
wn(γ) =
Wn(γ)
µ2
. (3.26)
Note that these results mean that the relativistic (scatter-
ing) dynamics of a two-body system can be mapped (by
using the EOB framework) onto the nonrelativistic dy-
namics of one particle of mass µ in an energy-dependent
radial potential.
We can now use Eq. (3.25) to compute the link be-
tween the (rescaled) coefficients wn(γ) entering the PM
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expansion of the (rescaled) potential w(u¯, γ), and the co-
efficients qEn (γ) entering the PM expansion of the energy-
gauge Q function entering the EOB mass shell condi-
tion (3.2). The Q term is numerically independent of
the radial gauge used in EOB effective metric (3.3), but
we must distinguish the functions u → QE(u, γ) and
u¯ → QE(u¯, γ). We shall denote their respective PM ex-
pansion coefficients as
Q̂E(u, γ) = u2q2(γ)+u
3q3(γ)+u
4qE4 (γ)+O(G
5) , (3.27)
and
Q̂E(u¯, Eeff) = u¯2q¯2(γ) + u¯3q¯3(γ) + u¯4q¯E4 (γ) +O(G5) ,
(3.28)
with similar equations for Q̂H(u, ĤS) and Q̂
H(u¯, ĤS).
The relations between the qn’s and the q¯n’s is easily
obtained from Eq. (3.14). For instance, we have
q¯2(γ) = q2(γ) ,
q¯3(γ) = q3(γ)− 2q2(γ) ,
q¯E4 (γ) = q
E
4 (γ)− 3q3(γ) +
5
2
q2(γ) . (3.29)
We can then express the expansion coefficients wn(γ)
of the EOB potential either in terms of the qn’s or the
q¯n’s. More precisely, the coefficient of 1/r¯ entirely comes
from the linearized Schwarzschild metric and reads [20]
w1(γ) = 2(2γ
2 − 1) , (3.30)
while the coefficients of higher powers of 1/r¯ are related
to the q¯n’s via
w2(γ) =
15
2
γ2 − 3
2
− q¯2(γ) ,
w3(γ) = 9γ
2 − 1
2
− q¯3(γ)− 2q¯2(γ) ,
w4(γ) =
129
16
γ2 − 1
16
− q¯E4 (γ)− 2q¯3(γ)−
3
2
q¯2(γ) ,
(3.31)
i.e.
w2(γ) =
15
2
γ2 − 3
2
− q2(γ) ,
w3(γ) = 9γ
2 − 1
2
− q3(γ) ,
w4(γ) =
129
16
γ2 − 1
16
− qE4 (γ) + q3(γ) . (3.32)
At the 2PM level, it was shown in [20] that
q2(γ, ν) =
3
2
(
5 γ2 − 1) [1− 1
h(γ, ν)
]
, (3.33)
where we recall that h(γ, ν) =
√
1 + 2ν(γ − 1), so that
w2(γ, ν) =
3
2
(
5 γ2 − 1) 1
h(γ, ν)
. (3.34)
The current knowledge on the values of the 3PM coeffi-
cients q3(γ, ν) and w3(γ, ν) will be assessed below.
C. Scattering function and scattering invariants of
an energy-dependent radial potential
Refs. [20, 44] showed how to derive the scattering func-
tion χ(Eeff , J) directly from the Q-form of the EOB PM
dynamics. An equivalent, alternative procedure is to de-
rive χ(Eeff , J) from the EOB radial potential W (u¯, P∞)
corresponding to the Schwarzschild-metric-plus-Q formu-
lation. Actually this link is very general and applies to
any dynamical formulation involving a radial potential.
The usual formulas of non relativistic potential scat-
tering (recalled, e.g., in [44]) yield
π + χ(Eeff , J) = −
∫ +∞
−∞
dR¯
∂PR(R¯; Eeff , J)
∂J
, (3.35)
where the radial momentum PR(R¯; Eeff , J) is obtained
by solving the mass shell condition with respect to PR.
When using an energy gauge, the mass-shell condition
reads,
P2 = P 2R +
J2
R¯2
= P 2∞ +W (u¯, P∞) , (3.36)
so that
PR(R¯; Eeff , J) = ±
√
P 2∞ +W (u¯, P∞)−
J2
R¯2
. (3.37)
Here the (energy-gauge) potential W (u¯, P∞) (where we
recall that u¯ = GM/R¯ and P∞ =
√
E2eff − µ2) does not
depend on the angular momentum J . We can then write
(as in usual non relativistic potential theory)
π
2
+
1
2
χ(Eeff , J) = +
∫ +∞
R¯min
J
dR¯
R¯2
1
PR(R¯; Eeff , J)
, (3.38)
where Rmin = Rmin(Eeff , J) is the radial turning point
defined by the vanishing of PR.
In terms of rescaled variables (including j =
J/(GMµ)), this reads
π
2
+
1
2
χ(γ, j) = +
∫ +∞
r¯min
j
dr¯
r¯2
1
pr(r¯; γ, j)
, (3.39)
where
pr(r¯; γ, j) = ±
√
p2∞ + w(u¯, p∞)−
j2
r¯2
. (3.40)
One must use the positive squareroots in the integrals
above. which go from the radial turning points (Rmin or
r¯min) to infinity.
In terms of the variable u¯ = 1/r¯ = GM/R¯, the above
integral reads (with u¯max ≡ 1/r¯min)
π
2
+
1
2
χ(γ, j) = +
∫ umax(γ,j)
0
j du¯√
p2∞ + w(u¯, p∞)− j2u¯2
.
(3.41)
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Introducing the integration variable
x ≡ j u¯
p∞
, (3.42)
this reads
π
2
+
1
2
χ(γ, j) =
∫ xmax(γ,j)
0
dx√
1− x2 + w˜(xj , p∞)
, (3.43)
where
w˜
(
x
j
, p∞
)
≡ 1
p2∞
[w(u¯, p∞)]u¯→xp∞/j . (3.44)
The PM expansion of w(u) yields the following large-j
expansion of w˜(xj , p∞):
w˜(
x
j
, p∞) = w˜1
x
j
+ w˜2
x2
j2
+ w˜3
x3
j3
+ w˜4
x4
j4
+ · · · (3.45)
where we introduced
w˜1(p∞) =
w1(p∞)
p∞
,
w˜2(p∞) = w2(p∞),
w˜3(p∞) = p∞w3(p∞),
w˜4(p∞) = p
2
∞w4(p∞) . (3.46)
Before doing any calculation, we see from the integral
expression (3.43), with the expansion (3.44), that the
scattering function χ(γ, j) will only depend on the coef-
ficients
ŵn ≡ w˜n(p∞)
jn
, (3.47)
entering
w˜(
x
j
, p∞) =
∑
n
ŵnx
n . (3.48)
Moreover, as 1/j = O(G), the nth order term, ∝ Gn,
in the PM expansion of 12χ(γ, j) =
∑
n χn/j
n must be
a polynomial in the ŵm’s of total degree
∑
mi = n. In
other words, the coefficient χn of 1/j
n must be a polyno-
mial in the w˜m’s of total degree
∑
mi = n. This trivial
remark suffices to prove that all the coefficients w˜n(γ) are
gauge-invariant functions, independent of any canonical
transformation (reducing to the identity when G → 0)
acting on the rescaled dynamical variables x and p (or
on their unrescaled versions X, P).
To have more information on the physical meaning of
the various gauge-invariant coefficients w˜n(γ), one needs
to explicitly compute the PM (or 1/j) expansion of the
integral expression (3.43). One a priori technical diffi-
culty is that if one straightforwardly expands the inte-
gral on the right-hand side (rhs) of Eq. (3.43) in powers
of G, i.e. in powers of w˜(xj , p∞) = O(G), one generates
formally divergent integrals. In addition, the upper limit
of integration (where the expanded integral diverges) de-
pends also on G: xmax(γ, j) = 1+O(G). However, there
is a simple way out. It was indeed shown in Ref. [55],
that the correct result for such an expanded integral is
simply obtained by ignoring the expansion of the upper
limit, and by taking the Hadamard partie finie Pf of the
divergent integrals. This yields the expansion
χ(γ, j)
2
=
∑
n≥1
Pf
∫ 1
0
dx
(− 12
n
)
(1− x2)− 12−n
[
w˜
(
x
j
)]n
.
(3.49)
Each integral in this expansion (after reexpanding the
nth power of w˜(x/j) = w˜1x/j + w˜2x
2/j2+ · · · in powers
of 1/j = O(G)) is an integral of the type
Pf
∫ 1
0
dx (1 − x2)− 12−nxm . (3.50)
Replacing, e.g., x by z
1
2 , the latter integral becomes an
Euler Beta function (and its Hadamard partie finie is
trivially obtained by analytical continuation in the orig-
inal power − 12 → − 12 + ǫ, taking finally ǫ → 0). This
yields for the coefficients χn of the expansion of χ/2 in
powers of 1/j
χ1 =
1
2
w˜1,
χ2 =
π
4
w˜2,
χ3 = − 1
24
w˜31 +
1
2
w˜1w˜2 + w˜3,
χ4 =
3π
8
(
1
2
w˜22 + w˜1w˜3 + w˜4
)
. (3.51)
By inserting in Eqs. (3.51) the definitions (3.46) of the
w˜n’s one gets the expressions of the χn’s in terms of the
coefficients wn of the potential W (u¯). Relations equiva-
lent to the latter relations have been also written down
to 4PM order in Eq. (11.25) of [25], and to all orders in
[53, 54].
Then, by inserting in the latter expressions the expres-
sions (3.32) of the wn’s in terms of the qn’s, we get the
the χn’s in terms of the coefficients qn of the EOB Q
function. For instance, we get at the 2PM, 3PM and
4PM levels
χ2 =
π
4
(
3
2
(5γ2 − 1)− q2(γ)
)
,
χ3 =
−1 + 12p2∞ + 72p4∞ + 64p6∞
3p3∞
− p∞
(
q3(γ) +
2γ2 − 1
γ2 − 1 q2(γ)
)
,
χ4 =
105π
128
(
16 + 48p2∞ + 33p
4
∞
)
− 3π
16
[
3(4 + 5p2∞)q2(γ)− q2(γ)2
+(4 + 6p2∞)q3(γ) + 2p
2
∞q4(γ)
]
, (3.52)
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where we mixed the use of γ and p∞ ≡
√
γ2 − 1. The
first two links (at the 2PM and 3PM levels) have already
been obtained (by using the Q route) in [20], see Eqs.
(5.6), (5.6) and (5.8) there.
We recall that the qn’s are functions both of γ and of
the symmetric mass ratio ν, and that qn → 0 as ν → 0.
This implies in particular that the qn → 0 limits of the
rhs’s of the above equations are simply the values χSchwn
of the χn’s for a test particle moving in a Schwarzschild
background (as given in Eqs. (3.18)–(3.21) of [20]).
D. Summary of the knowledge of the PM-expanded
dynamics, and a conjectured 3PM result
The above-derived links between χn, qn and wn can be
used in various ways. In particular, if one has derived the
scattering coefficients χn up to some PM level, one can
directly deduce from them the values of the correspond-
ing qn’s and wn’s. This the way Refs. [20, 44] derived the
values of the qn’s and wn’s at the 1PM and 2PM levels.
Let us summarize these results here.
χ1(γ, ν) =
2 γ2 − 1√
γ2 − 1 = χ
Schw
1 (γ), (3.53)
χ2(γ, ν) =
3π
8
(5 γ2 − 1)
h(γ, ν)
=
χSchw2 (γ)
h(γ, ν)
, (3.54)
q1(γ, ν) = 0 , (3.55)
q2(γ, ν) =
3
2
(
5 γ2 − 1) [1− 1
h(γ, ν)
]
, (3.56)
w1(γ, ν) = 2(2γ
2 − 1), (3.57)
w2(γ, ν) =
3
2
(
5 γ2 − 1)
h(γ, ν)
. (3.58)
Concerning the 3PM level, we have seen above that it de-
pends on the knowledge of a single function of γ, entering
as the coefficient of 1/h2(γ, ν) in χ3(γ, ν)−χ3(γ, 0). Let
us define the auxiliary function B(γ) as
B(γ) ≡ 3
2
(2γ2 − 1)(5γ2 − 1)
γ2 − 1 , (3.59)
and introduce two other functions of γ, A(γ) and C(γ),
constrained to identically satisfy
A(γ) +B(γ) + C(γ) ≡ 0 . (3.60)
With this notation (and p∞ ≡ peob ≡
√
γ2 − 1), our
results above give the following structural information at
the 3PN level
χ3(γ, ν) = χ
Schw
3 (γ)−p∞ (A(γ) +B(γ))
(
1− 1
h2(γ, ν)
)
,
(3.61)
q3(γ, ν) = A(γ) +
B(γ)
h(γ, ν)
+
C(γ)
h2(γ, ν)
, (3.62)
w3(γ, ν) = 9γ
2 − 1
2
− q3(γ, ν) . (3.63)
If we further introduce the notation
C(γ) ≡ (γ − 1) (A(γ) +B(γ)) = −(γ − 1)C(γ) , (3.64)
we can rewrite Eq. (3.61) as
χ3(γ, ν) = χ
Schw
3 (γ)−
2 ν p∞
h2(γ, ν)
C(γ) . (3.65)
This shows that the function C(γ) directly parametrizes
the 3PM scattering coefficient χ3 via the expression
2 ν p∞C(γ) = −h2(γ, ν)
(
χ3(γ, ν)− χSchw3 (γ)
)
. (3.66)
Let us now discuss what is our current knowledge of
χ3(γ, ν), and therefore of the function C(γ). From the
O(G3) term in the 4PN-accurate expression of the scat-
tering angle derived in Ref. [56], one can straightfor-
wardly derive the following 4PN-accurate value of the
function C(γ) (expanded in powers of p∞ = peob):
C
4PN
(peob) = 4 + 18p
2
∞ +
91
10
p4∞ +O(p
6
∞) . (3.67)
Very recently, a new method [50] allowed one to compute
the 5PN-level term in the O(G3) scattering angle, with
the result
C
5PN
(peob) = 4 + 18p
2
∞ +
91
10
p4∞ −
69
140
p6∞ +O(p
8
∞) .
(3.68)
On the other hand, the quantum-amplitude approach of
Refs. [24, 25] resulted in the computation of a classical
value for χ3(γ, ν) (see Eq. (11.32) of Ref. [25], and Ref.
[49]), from which one can derive the following value of
the function C(γ):
C
B
(γ) =
2
3
γ(14γ2 + 25)
+ 4(4γ4 − 12γ2 − 3) as(γ)√
γ2 − 1 , (3.69)
where we used the shorthand notation
as(γ) ≡ arcsinh
√
γ − 1
2
. (3.70)
Note in passing that the expression obtained by replacing
Eq. (3.69) in the above formula for χ3 is simpler than
(though equivalent to) Eq. (11.32) of Ref. [25]. In par-
ticular, the a + b/h2 structure of χ3 is present (though
somewhat hidden) in their Eq. (11.32).
We will argue below that the expression (3.69) is in-
correct, and must be replaced by the following one
C
c
(γ) = γ(35 + 26γ2)− (18 + 96γ2) as(γ)√
γ2 − 1
. (3.71)
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The latter (conjectural) value of C(γ) is uniquely deter-
mined by combining the 5PN-level value (3.68) with two
other requirements that will be discussed below. Let us
note here that C
B
(γ) and C
c
(γ) start differing at the
6PN level. Indeed, while the 6PN-accurate expansion of
(3.69) reads
C
B 6PN
(peob) = 4 + 18p
2
∞ +
91
10
p4∞ −
69
140
p6∞
− 1447
10080
p8∞ +O(p
10
∞) , (3.72)
that of (3.71) reads
C
c 6PN
(peob) = 4 + 18p
2
∞ +
91
10
p4∞ −
69
140
p6∞
− 233
672
p8∞ +O(p
10
∞) . (3.73)
A 6PN-accurate O(G3) computation can therefore dis-
criminate between the two expressions. We can only
note at this stage that the growth of the denominators in
(3.73) is apparently more regular than the one of (3.72).
Let us note, for future uses, other (simpler) forms of
the arcsinh function, namely
as(γ) =
1
2
ln (γ + p∞) = −1
2
ln (γ − p∞) , (3.74)
where we recall that p∞ ≡
√
γ2 − 1, and
as(γ) =
1
4
ln
γ + p∞
γ − p∞ =
1
4
ln
1 + v∞
1− v∞ . (3.75)
Here v∞ denotes the (Lorentz-invariant) asymptotic rel-
ative velocity between the two bodies
v∞ ≡ p∞
γ
≡
√
1− 1
γ2
such that γ =
1√
1− v2∞
. (3.76)
Note that in the slow-velocity limit (γ → 1, or p∞ → 0)
as(γ) =
1
2
p∞ − 1
12
p3∞ +
3
80
p5∞ −
5
224
p7∞ + . . . (3.77)
so that the ratio as(γ)/
√
γ2 − 1 = as(γ)/p∞ entering
C
B
(γ) has a smooth slow-velocity limit
as(γ)
p∞
=
1
2
− 1
12
p2∞ +
3
80
p4∞ −
5
224
p6∞ + . . . (3.78)
and is an even function of p∞.
IV. MAP BETWEEN THE 3PM EOB
POTENTIAL AND THE QUANTUM
SCATTERING AMPLITUDE
A. Prelude: quasi-classical scattering amplitude
associated with the classical scattering function
As a prelude to our discussion of the link between the
quantum scattering amplitude and the classical dynam-
ics, let us mention a direct way of using the scattering
function 12χ(Êeff , j) for constructing the quasi-classical
(Wentzel-Kramers-Brillouin) approximation to the quan-
tum scattering amplitude.
Let us start by clarifying the notation we shall use
for the scattering amplitude M. The Lorentz-invariant
amplitude M is defined from the two-body scattering
matrix by
〈p′1p′2|S|p1p2〉 = Identity+ i(2π)4δ4(p1+p2−p′1−p′2)
M
N
,
(4.1)
with the normalization factor N =
(2E1)
1/2(2E2)
1/2(2E′1)
1/2(2E′2)
1/2 when using the
state normalization 〈p′|p〉 = (2π)3δ3(p − p′). With this
definition, M is dimensionless.
Starting from the dimensionless Lorentz-invariant am-
plitude M(s, t), it is convenient to introduce the associ-
ated amplitude fR(θ) defined as
M≡ 8πs
1/2
~
fR(θ) . (4.2)
The amplitude fR(θ) has the dimension of a length,
and is related to the differential c.m. cross-section via
dσ = |fR(θ)|2dΩc.m.. Let us then consider the partial-
wave expansion of the amplitude, written as
fR(θ) =
~
Pc.m.
∞∑
l=0
(2l + 1)
e2iδl − 1
2i
Pl(cos θ) . (4.3)
Here θ denotes the c.m. scattering angle, and Pc.m.
the c.m. momentum, related to the Mandelstam in-
variant s = (Etotc.m.)
2 = (Ec.m.1 + E
c.m.
2 )
2, with Ec.m.1 =√
m21 + P
2
c.m., E
c.m.
2 =
√
m22 + P
2
c.m.. The angle θ is re-
lated to the second Mandelstam invariant t = −Q2c.m.
via
√−t = Qc.m. = 2 sin θ
2
Pc.m. (4.4)
In the expansion (4.3), δl denotes the (dimensionless)
phase shift of the partial wave corresponding to the c.m.
angular momentum L = ~l, where l = 0, 1, 2, . . .. In the
classical limit we can identify the quantized total c.m. an-
gular momentum L with J . In terms of the dimensionless
quantities l and δl entering the expansion (4.3), a quasi-
classical description of the dynamics a priori corresponds
to a case where both of them are large: l≫ 1 and δl ≫ 1.
This is formally clear because l = L/~, while, for po-
tential scattering, the quasi-classical (Wentzel-Kramers-
Brillouin) approximation to the phase shift is δl ≈ ∆SL/~
where ∆Sl is the (subtracted) half-radial action along
a classical motion with angular momentum L [57, 58].
Most useful for our present purpose is the fact that the
phase-shift δl is linked, in the classical limit, to the scat-
tering angle χ by
1
2
χ = −∂δl
∂l
. (4.5)
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When expressing l ≡ L/~ ≡ J/~ in terms of the classical
dimensionless angular momentum j ≡ J/(Gm1m2), the
latter result reads
1
2
χ(Êeff , j) = −~̂∂δl
∂j
, (4.6)
where we defined (as in [20]) the following dimensionless
version of ~
~̂ ≡ ~
Gm1m2
=
~
GMµ
. (4.7)
Equation (4.6) shows that δl can be obtained (in the clas-
sical limit) by integrating over j the classical scattering
function 12χ(Êeff , j). Using the PM-expansion (1.4) of
1
2χ(j) (and Êeff = γ), then yields the following expansion
for δl
δl =
1
~̂
(
χ1(γ, ν) ln
(
j0
j
)
+
χ2(γ, ν)
j
+
1
2
χ3(γ, ν)
j2
+ · · ·
)
,
(4.8)
where j0 is linked to the IR cutoff needed when evaluating
the corresponding IR-divergent Coulomb phase.
B. Computation of the quantum scattering
amplitude derived from the 3PM EOB potential
Ref. [20] had shown how to map the simple 2PM-
accurate, energy-gauge EOB description of the two-body
dynamics onto a corresponding quantum scattering am-
plitude, sayM2PMeob , and had checked thatM2PMeob agreed
with what Refs. [18, 19] (later followed by Refs. [21, 23])
had computed as being the “classical part” of the G2-
accurate quantum scattering amplitude. In this section
we extend this result to the 3PM level. More precisely, we
shall show that the extension of the map defined in Ref.
[20] leads to a 3PM-accurate amplitude, M3PMeob , which
coincides with what Refs. [24, 25] computed as being the
“classical part” of the G3-accurate quantum scattering
amplitude.
Let us start by recalling that the approach of Ref. [20]
is simply to quantize the classical, energy-gauge EOB
mass-shell condition, i.e. to quantize the motion of a
particle of mass µ moving in a nonrelativisticlike radial
potential. Indeed, the energy-gauge EOB mass-shell con-
dition has the form
P2 = P 2∞ +W (R,P∞) , (4.9)
where
P 2∞ ≡ E2eff − µ2 = µ2(γ2 − 1) , (4.10)
and where, to ease the notation, we henceforth suppress
the bar over the isotropic EOB radial coordinate R = |X|
(and its rescaled avatar r = R/(GM) = r¯).
The canonical quantization of X and P, i.e.
[X i, Pj ] = i~ δ
i
j (4.11)
is equivalent to solving the fixed-energy Schro¨dinger
equation in the energy-dependent radial potential
W (R,P∞). As in the classical problem, it is convenient
to replace the canonically conjugated variables X, P by
their (dimensionless) rescaled avatars x ≡ X/(GM) and
p ≡ P/µ (with r ≡ |x|), satisfying the following rescaled
commutation relation:
[xi, pj] = i~̂ δ
i
j . (4.12)
Here (following [20]) ~̂ denotes the (dimensionless)
rescaled version of ~ defined in Eq. (4.7). In terms of
these rescaled variables the mass-shell condition deter-
mining p reads
p2 = p2∞ + w(r, p∞) , (4.13)
where, as we have seen, the PM-expansion of the rescaled
radial potential w ≡W/µ2 reads
w(r, p∞) =
w1(γ)
r
+
w2(γ)
r2
+
w3(γ)
r3
+
w4(γ)
r4
+ · · · (4.14)
One should keep in mind that, as 1r =
GM
R , a contribution
to the potential ∝ 1/rn is of order O(Gn).
The quantization of the EOB mass-shell condition
(4.13) yields the following time-independent Schro¨dinger
equation (here truncated at the 3PM level)
− ~̂2∆xψ(x) =
[
p2∞ +
w1
r
+
w2
r2
+
w3
r3
+O
(
1
r4
)]
ψ(x) .
(4.15)
In other words (as was already pointed out in [20, 52]),
the quantization of the isotropic-coordinates formulation
of the EOB dynamics of two spinless particles leads to a
potential scattering, with an energy-dependent potential
which is a deformation of a Coulomb potential w1r by
higher inverse powers of r ≡ r¯: w2r2 + w3r3 + · · · .
Given an incoming state |ka〉 = ϕa = eika·x in the in-
finite past, impinging on this EOB-potential w, the scat-
tering amplitude feob(k̂b) (where k̂b = kb/|kb|) from |ka〉
to some outgoing state |kb〉 = ϕb = eikb·x is given by
feob(k̂b) = +
1
4π~̂2
〈ϕb|w|ψ+a 〉 . (4.16)
Here ψ+a is the stationary retarded-type solution of the
scattering equation (4.15) describing the incoming state
|ka〉 = ϕa = eika·x in the infinite past, and having the
following asymptotic structure at large distances
ψ+a ≈r→∞ e
ika·x + feob(Ω)
eikr
r
, (4.17)
where Ω denotes the polar coordinates of x on the sphere
of scattering directions.
The crucial point of Ref. [20] was that, modulo a sim-
ple rescaling, namely (see below)
Meob = 8πG
~
(Ec.m.real )
2 feob =
8πGs
~
feob , (4.18)
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the EOB scattering amplitude could be identified, at the
then existing O(G2) approximation, with the so-called
classical part [18, 19] of the quantum gravity amplitude
M. When rewriting Eq. (4.18) in terms of the cor-
responding “non-relativistically-normalized” amplitude,
say MNR, as used in Refs. [22, 24, 25], we have
MNReob ≡
Meob
4E∞1 E
∞
2
=
2πG
~ ξ∞
feob , (4.19)
where ξ∞ = E
∞
1 E
∞
2 /(E
∞
1 +E
∞
2 )
2 is the asymptotic value
of the symmetric energy ratio ξ defined in [22] (see also
Eq.(A14) below).
In the dictionary of Ref. [20], the EOB scattering an-
gle θ between k̂a and k̂b is directly equal to the physical
c.m. scattering angle, as it enters the physical c.m. mo-
mentum transfer
√−t = Qc.m. = 2 sin θ
2
Pc.m. . (4.20)
This is the quantum version of the fact, proven in Ref.
[44], that the classical EOB scattering angle coincides
with the corresponding c.m. scattering angle. On the
other hand, one must remember that the various mo-
menta and wave vectors, p∞ =
√
γ2 − 1, ka, kb, q, en-
tering the EOB description differ by some rescaling fac-
tors from the corresponding physical c.m. ones. First,
the link between peob ≡ p∞ =
√
γ2 − 1 and the physical
c.m. momentum is
PEOB∞ ≡ µ p∞ =
Ereal
M
Pc.m. = h(γ)Pc.m. . (4.21)
In addition, the conserved norm of the (rescaled) wave
vector, k = |ka| = |kb|, is related to p∞ =
√
γ2 − 1 via
p∞ = ~̂ k , (4.22)
so that the rescaled momentum transfer reads
q = kb − ka ; q = |q| = 2k sin θ
2
. (4.23)
As a consequence of these relations, we have the link
q = 2 sin
θ
2
p∞
~̂
= 2 sin
θ
2
h(γ)Pc.m.
µ ~̂
=
GM
~
h(γ)Qc.m. . (4.24)
Rewriting the link (4.18) in terms of the relativistic
(partial-wave) amplitude fR, defined by Eq. (4.2), leads
to the following relation between fR and feob:
fR = G
√
sfeob . (4.25)
Note that while fR has the dimension of a length, feob is
dimensionless. The partial-wave expansion of feob is, in
close parallel to Eq. (4.3),
feob(θ) =
~̂
p∞
∞∑
l=0
(2l+ 1)
e2iδl − 1
2i
Pl(cos θ) (4.26)
with the same phase shifts, but a prefactor ~̂p∞ =
1
k which
is dimensionless, because of our various rescalings. At the
conceptual level, the relative normalization factor given
in Eq. (4.18) is most clearly understood by saying that
the pure phase-shift, dimensionless factor, say
f̂(θ) ≡
∞∑
l=0
(2l+ 1)
e2iδl − 1
2i
Pl(cos θ) , (4.27)
of the real amplitudeM coincides with the corresponding
EOB one. An alternative way [20] to derive the relative
normalization between M and feob is to compare the
LO value, (4.58), of M to the corresponding LO value,
w1/(~̂
2q2), of feob, as given in Eq. (10.23) of [20], and
below.
Let us now derive the 3PM-accurate value of the EOB
scattering amplitude feob, and compare it to the result
of Refs. [24, 25]. It can be written as
M3PMeob =M′eob +M′′eob , (4.28)
where
M′eob ≡
8πGs
~
fweob , (4.29)
denotes the first Born approximation to feob (which is
linear in the potential w), while
M′′eob ≡
8πGs
~
fw
2+w3+...
eob , (4.30)
denotes the sum of the terms coming from higher order
Born iterations (which are nonlinear in the potential w).
The explicit form of the first Born approximation to
feob is defined by replacing in Eq. (4.16) ψ
+
a by the
unperturbed state ϕa = e
ika·x:
fweob(q) = +
1
4π~̂2
〈ϕb|w(r)|ϕa〉
= +
1
4π~̂2
∫
d3xe−iq·xw(r) . (4.31)
We recall that the EOB potential, w(r), Eq. (4.14), is a
sum of contributions
∑
n wn/r
n coming from successive
PM approximations, i.e. wn/r
n = O(Gn). This gen-
erates a corresponding sum of contributions in the first
Born approximation (4.31), namely
fweob(q) =
∑
n
fwneob(q) , (4.32)
with
fwneob(q) = +
1
4π~̂2
〈ϕb|wn
rn
|ϕa〉
= +
1
4π~̂2
∫
d3xe−iq·x
wn
rn
. (4.33)
This is easily computed from the value of the Fourier
transform of 1/rn, which is (in space dimension d)
F (d)
[
1
rn
]
≡
∫
ddxe−iq·x
1
rn
=
C
(d)
n
qd−n
, (4.34)
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where
C(d)n = π
d
2
2n¯Γ(12 n¯)
Γ(12n)
; with n¯ ≡ d− n . (4.35)
The Fourier transforms of the 1/r (1PM) and 1/r2 (2PM)
potentials are convergent in dimension d = 3,
F (3)
[
1
r
]
=
4π
q2
; F (3)
[
1
r2
]
=
2π2
q
, (4.36)
while the 3PM-level 1/r3 potential leads to a UV (r → 0)
divergence whose dimensional regularization (d = 3 + ǫ)
yields the result:
F (3+ǫ)
[
1
r3
]
= 4π
[
1
ǫ
− ln q + 1
2
ln(4π)− 1
2
γE +O(ǫ)
]
≡ −4π ln q
Λ̂
, (4.37)
where, in the last line, we denoted by Λ̂ a UV cutoff (in
its EOB-rescaled version). This yields
~̂
2fweob =
w1
q2
+
π
2
w2
q
− w3 ln q
Λ̂
. (4.38)
When inserting in this result the values of w1 and w2
derived in [20], and the value of w3 obtained by inserting
(3.69) in Eqs. (3.62), (3.63), and using the above-defined
rescalings, it is straightforwardly checked that this yields
M′eob ≡
8πGs
~
fweob =M′1 +M′2 +M′3 , (4.39)
where, following the notation used in Refs. [24, 25],
M′i, i = 1, 2, 3, denote the IR-finite parts of the clas-
sical part of the amplitude M derived there (written in
Eqs. (13) and the first three lines of Eq. (8) in [24]).
However, we work here with the Lorentz-invariant ampli-
tude M, i.e. we do not include the factor (4E∞1 E∞2 )−1.
[At the technical level, Eq. (4.39) means that, at the
3PM level, the EOB potential coefficient w3 can be
simply identified with −1/ (6h2(γ, ν)) times the bracket
[3− 6ν + 206νσ + · · · ] multiplying logq2 in Eq. (8) of
[25].]
The latter simple link between the Fourier transform
of the EOB energy potential and the IR-finite part of
the classical part of the amplitude M of Refs. [24, 25]
has also been pointed out in recent works [53, 54], how-
ever, we wish to emphasize that it is in great part tau-
tological (in the sense that it follows from definitions).
Indeed, on the one hand (as clearly recognized in Ref.
[54]) the EOB formulation [20] of the map between the
classical dynamics and the amplitude M trivially shows
that the linear-in-potential part ofM is simply given by
the Fourier transform of the EOB energy-gauge poten-
tial (as was explicitly explained in several recent talks
[52]), and, on the other hand Refs. [24, 25] are actually
defining M′i by selecting the parts of the total two-loop
amplitude which satisfy two criteria: (i) to correspond
to the ∼ G/q2, ∼ G2/q and G3 ln q terms that are pre-
cisely corresponding to the classical dynamics; and, (ii) to
have been amputated of the extra contributions coming
from iterated Born approximations of the type denoted
M′′eob ≡ 8πG s~ fw
2+w3+...
eob above. Indeed, as is stated in
Ref. [25], and as we shall now check, the latter terms are
precisely the IR-divergent contributions left in the form
of integrals in Eq. (9.3) of Ref. [25]. In other words,
given the simple EOB map of Ref. [20], and given the
methodology of extracting the so-called classical part of
M proposed in [22], and implemented in [24, 25], the ap-
parently striking result (4.39) is a tautology. As we shall
discuss next, we wish to raise doubts about the validity
of the consequences for classical dynamics derived from
the link (4.39).
We will critically reexamine the (conceptual and tech-
nical) validity of the methodology used in Refs. [22, 24,
25] in the next subsection. For this purpose, it will be
useful to have a detailed view of the structure of the
iterated Born approximations M′′eob ≡ 8πGs~ fw
2+w3+...
eob
that must be added to the linear-in-potential contribu-
tionM′eob ≡ 8πGs~ fweob.
As wn = O(G
n), the 3PM (O(G3)) accuracy neces-
sitates to consider both the second iteration (with con-
tributions proportional to w21 and w1w2), and the third
iteration (with contributions proportional to w31). [The
3PM-level contribution coming from w3/r
3 is included in
the first Born approximation, and does not need to be
iterated.] The iterations of the Coulomb-type w1/r po-
tential can actually be deduced from the known, exact
Coulomb scattering amplitude [57]. Alternatively, one
can extract both the first two iterations of the w1/r po-
tential (O(w21) + O(w
3
1)) and the mixed iteration of the
w1/r and w2/r
2 potentials (O(w1w2)) from an old result
of Kang and Brown [59]. Indeed, the latter reference com-
puted the higher-Born approximations for the Coulomb
scattering amplitude of a Klein-Gordon particle, i.e. for
the wave equation
− ~2∆ψ =
[(
E − Ze
2
r
)2
− µ2
]
ψ , (4.40)
whose potential involves both a wKG1 /r = −2EZe2/r
potential and a wKG2 /r
2 = +(Ze2)2/r2 one.
Transcribing the results of Ref. [59] in terms of our
scattering equation (4.15), and adding the direct O(G3)
contribution fw3eob, Eq. (4.33), generated by w3/r
3, yields
explicit forms of the various Born-iterated contribtutions.
We introduce the notation
δ1 =
i
2
w1
~̂2 k
ln
q2
λ̂2
=
i
2
w1
~̂ p∞
ln
q2
λ̂2
, (4.41)
for the IR-divergent Coulomb phase (λ̂ being an IR cutoff
introduced by the replacement Ze2/r → Ze2e−λ̂r/r in
the Klein-Gordon equation (4.40)). [Note the fact that
δ1, i.e. contains a factor 1/~. This crucial property of
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the Born expansion will be discussed at length in the
following subsection, starting with Eq. (4.54).]
~̂
2f
w2
1
eob = δ1
w1
q2
, (4.42)
~̂
2f
w3
1
eob =
1
2
δ21
w1
q2
, (4.43)
~̂
2fw1w2eob = δ1
π
2
w2
q
+
w1w2
~̂2q2
xB29(x) . (4.44)
Here the variable x denotes
x ≡ sin θ
2
=
q
2k
, (4.45)
and the function B29(x) denotes (see the last bracket in
Eq. (29) of [59])
B29(x) = iπ ln
4
(1 + x)
+ lnx ln
1− x
1 + x
+ L2(x)− L2(−x),
(4.46)
where
L2(x) = x+
x2
22
+
x3
32
+
x4
42
+ · · · (4.47)
is the dilogarithm function. All the above iterated con-
tributions are clearly IR divergent because they all con-
tain a term proportional to the IR-divergent Coulomblike
phase δ1.
Adding all those iterated Born contributions to the
first-Born approximation ~̂2fweob yields the complete
3PM-accurate EOB amplitude
~̂
2feob = (1 + δ1 +
1
2
δ21)
w1
q2
+ (1 + δ1)
π
2
w2
q
+
w1w2
~̂2q2
xB29(x) − w3 ln q
Λ̂
(4.48)
Let us note in passing that the 3PM-expanded ampli-
tude (4.48) is compatible with the fact (proven by Wein-
berg [60]) that the (gravitational) IR-divergent Coulomb
phase δ1 exponentiates, i.e. that one can factorize feob
as
~̂
2feob = e
δ1
[
w1
q2
+
π
2
w2
q
+
w1w2
~̂2q2
xB29(x) − w3 ln q
Λ̂
]
+O(G4)(4.49)
where the terms within the square brackets are IR-finite.
As already explained, the methodology used in [24,
25] consists of discarding the various IR-divergent (Born-
iterated) contributions (4.42), (4.43), (4.44), in (4.48),
thereby retaining only the linear-in-w ones. This means
in particular that Refs. [24, 25] set aside not only the IR-
divergent term proportional to δ1w2, but also its Born-
iterated partner ∝ w1w2 (recall that δ1 ∝ w1). They
then considered as only IR-finite O(G3) contribution the
last term (proportional to ln q) in Eq. (4.48), namely
− w3 ln q
Λ̂
. (4.50)
As we shall discuss next, a different IR-finite result would
have been obtained if one had (following Weinberg) first
factored eδ1 , and then taken the small-q limit.
Let us, indeed, discuss the small-angle limit, q → 0,
and therefore x → 0, of the complete 3PM EOB ampli-
tude (4.48). We have the expansion
xB29(x) = iπ(x ln 4− x2 +O(x3))
+ lnx(−2x2 +O(x4)) + 2x2 +O(x4)
(4.51)
Here, the leading term O(x) in the imaginary part mod-
ifies the Coulomb phase factor (1 + δ1) in front of the
w2/q ∝ w2/x term. The terms O(x2) (both in the imagi-
nary part and in the real part) yield (after division by the
q2 prefactor) contributions ∝ q0, which are the Fourier
transforms of contact terms.
Of most interest for our discussion of the non-analytic-
in-q contributions in the q → 0 limit, is the fact that the
O(x2 lnx) term in the small-x expansion of the function
xB29(x) yields the following additional contribution to
the amplitude
~̂
2fw1w2eob = −
1
2
w1w2
p2∞
ln
q
2k
. (4.52)
This contribution has the same ln q structure as the
linear-in-w contribution coming from w3/r
3.
Summarizing: the real part of the 3PM, O(G3), am-
plitude contains the following contributions (where we
recall that k = p∞/~̂)
~̂
2Re
[
f3PMeob
]
= −1
2
w31
~̂2p2∞
1
q2
(
ln
q
λ̂
)2
− 1
2
w1w2
p2∞
ln
q
2k
− w3 ln q
Λ̂
. (4.53)
C. General concern about the link between a
quantum scattering amplitude and classical
dynamics
Before discussing some specific technical doubts about
the application of the methodology of Refs. [22, 24, 25]
to the 3PM amplitude, we wish to raise a general concern
about the program of transferring information between a
quantum scattering amplitude and classical dynamics.
Several recent works have discussed the issue of the re-
lation between M and classical dynamics, see Refs.[13–
20, 22, 24, 25, 32, 33, 53]. In particular, some one-way
maps between (EOB or EFT) Hamiltonians describing
the classical dynamics and the scattering amplitude have
been defined, and implemented at both the 2PM [20, 22]
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and 3PM levels [24, 25]. However, we wish here to point
out several subtleties and ambiguities (notably at the
3PM level) in the use of these one-way maps (going in the
direction classical→ quantum) to infer, in the reverse di-
rection, information about the classical dynamics from a
(partial) computation of the quantum amplitude. These
concerns (which have been notably raised in [52]) have
not been explicitly addressed in the recent literature.
The basic idea of extracting classical information from
an amplitude is simply that a same theory (namely GR)
is underlying both the classical and the quantum dynam-
ics, so that there should exist some “classical limit” un-
der which it should be possible to extract the classical
dynamics from a quantum scattering amplitude. [This
idea was already the one of Refs. [6–11].] It seems
that many recent papers simply assumed the existence
of a “ precise demarcation between classical and quan-
tum contributions to the scattering amplitude” (as for-
mulated in the Introduction of [25]). We wish to stress
that the existence of such a demarcation is a priori un-
clear for a variety of related issues. First, let us recall
the basic fact (repeatedly stressed in [12, 57]) that the
domain of validity of the standard quantum scattering
perturbation expansion (Born-Feynman expansion) does
not overlap with the domain of validity of the standard
classical scattering perturbation expansion when consid-
ering a Coulomblike potential V = Z1Z2e
2/r +O(1/r2),
or V = −GE1E2/r + O(1/r2) in the gravitational case.
Here, E1 and E2 denote, say, the c.m. energies of two
colliding particles (we set c = 1). Indeed, the quantum
expansion is a priori valid when the dimensionless ratios
(v denoting the relative velocity)
Z1Z2e
2
~ v
≪ 1 or GE1E2
~ v
≪ 1 (quantum) , (4.54)
while the domain of validity for a quasi-classical descrip-
tion of the scattering is just the opposite, namely
Z1Z2e
2
~ v
≫ 1 or GE1E2
~ v
≫ 1 (classical) . (4.55)
At the formal level of considering limits for ~, the classical
domain of validity (4.55) does correspond to the expected
limit ~→ 0, while the quantum domain of validity (4.54)
corresponds to the less usually considered formal limit
~→∞.
The necessity of the inequalities (4.55) and (4.54) can
be seen in various ways. On the one hand, the LO con-
tribution to the phase shift δl explicitly reads
δLOl =
Gm1m2
~
2γ2 − 1√
γ2 − 1 ln
(
j0
j
)
=
G
~
2(p1 · p2)2 −m21m22√
(p1 · p2)2 −m21m22
ln
(
j0
j
)
. (4.56)
It is easily seen that the coefficient of the logarithm is,
for all values of the relative velocity, of order αg/v =
GE1E2/(~v). When a precise definition of the relative
velocity v will be needed, we shall define it as
v∞ ≡
√
1− 1
γ2
such that γ =
1√
1− v2∞
. (4.57)
This directly confirms that the classicality condition
(4.55) corresponds to large phase shifts δl ≫ 1, which
is one of the standard conditions for the validity of the
classical limit.
On the other hand, let us recall the basic structure
of the perturbative expansion of the quantum scatter-
ing amplitudeM. The LO (O(G/~)) contribution toM
coming from a one-graviton exchange in the t-channel
(discarding the u- and s-channel contributions), reads
(see, e.g., Refs. [21, 61])
M(G~ )(s, t) = 16πG
~
2 (p1 · p2)2 − p21 p22 + (p1 · p2)Q2
Q2
,
(4.58)
where Q = p′1 − p1 = −(p′2 − p2), so that Q2 = −t.
When considering, for orientation, a generic relativistic
collision, with large velocities v ∼ 1, and significant mo-
mentum transfers, Q2 = −t ∼ s, the order of magnitude
of the LO contribution (4.58) is
M(G~ ) ∼ Gs
~
∼ αg. (4.59)
Here, we introduced the gravitational analog of the quan-
tum electrodynamics coupling constant α = e2/~ (or,
more generally, Z1Z2e
2/~), say
αg ≡ GE1E2
~
. (4.60)
Dimensional analysis (in the simple one-scale regime
where s ∼ −t & m21 ∼ m22) then shows that the Born-
Feynman expansion (or loop-expansion) of M has the
rough structure
M ∼ Gs
~
+
(
Gs
~
)2
+
(
Gs
~
)3
+ . . .
∼ αg + α2g + α3g + . . . (4.61)
This exhibits the a priori necessity of the quantum condi-
tion (4.54) (which implies αg ≪ 1) for a reliable use of the
Born-Feynman expansion of M. [Let us note in passing
that the systematic use of the small-velocity limit v → 0
in Refs. [17, 22, 24, 25] might exacerbate the classical-
quantum conflict by making the usual, non relativistic
Coulomb coupling constant GE1E2
~ v parametrically larger
than the natural dimensionless quantum coupling con-
stant αg =
GE1E2
~
entering the loop expansion ofM.]
How can one hope to bridge the gap between the clas-
sical domain (4.55), and the quantum one (4.54) ? If
we could control the exact dependence of the function
M(s, t, αg) for all values of αg (both small and large),
it would be straightforward to read off the classical dy-
namics (say via the use of the quasi-classical phase shifts
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(4.8)). However, we often have only knowledge of the first
few terms in the Born-Feynmann (small αg) expansion of
M(s, t, αg). Several suggestions have been made in the
recent literature for extracting classical information from
M. On the one hand, Refs. [17–19, 22, 24, 25] have em-
phasized that a crucial tool for retrieving classical infor-
mation from M is to focus, at each order in the formal
Born-Feynman expansion in powers of αg =
GE1E2
~
on
a secondary expansion in Qc.m.. As the corresponding
small dimensionless parameter is Qc.m./Pc.m. = 2 sin
θ
2 ,
this corresponds to a small-scattering-angle expansion.
The intuitive idea is here related to the fact that the
classical PM expansion is a large-impact-parameter limit,
corresponding to a small-scattering-angle limit. On the
other hand, Refs. [21, 23, 26, 62–65] have emphasized the
usefulness of focusing on the so-called eikonal approxima-
tion, under which one can hopefully prove that part of
the perturbative expansion of M can be resummed by
exponentiating a suitably defined “eikonal phase”. How-
ever, there are subtleties about which perturbative dia-
grams do exponentiate (see, notably, [65]), and we are
not aware of the existence of proven results at the 2-loop
level. Let us also mention that a different approach for
extracting classical results from M has been pursued in
Refs. [32, 33].
D. Technical ambiguities in the definition of the
classical part of the O(G3) quantum scattering
amplitude
Let us now discuss some specific technical issues sug-
gesting that the derivation in Refs. [24, 25] of a classical
scattering function from a truncated quantum amplitude
might needs some correction. We wrote down above the
amplitude derived from quantizing the classical 3PM po-
tential in the form (4.53) (which displaysO(G3) contribu-
tions coming from O(w31) and O(w1w2) Born iterations)
to illustrate the following points.
The methodology of Refs. [22, 24, 25] consists in at-
tempting to identify, within the full (or a truncated ver-
sion of the) amplitude fR(s, t) the classical-related con-
tribution −w3 ln q as it appears in the EFT scattering
amplitude fEFT generated by a classical two-body po-
tential. [Here, we can identify (modulo normalization)
fEFT with the EOB one f eob which is generated by a
classically equivalent potential w(r).] One knows that
the full amplitude fR(s, t) contains much more physics
than its classical-related one fEFT = f eob. This is why
the authors of Refs. [22, 24, 25] proposed both to dis-
card part of the integrand of fR(s, t), and, in addition, to
integrate the remaining integrand only on a subdomain
of loop-space supposed to correspond to the classically-
relevant domain. We have two sorts of doubts concerning
the validity of this procedure.
First, let us stress once more the fact that the per-
turbative expansion of the amplitude is an expansion in
powers of αg = GE1E2/~. It is therefore a priori valid
only when αg ≪ 1. By contrast, the classical information
we are interested in is fully encoded in the PM expansion
of the scattering angle, and quasi-classical motion must
correspond to actions much larger than ~, and there-
fore to large phase shifts. Eq.(4.56) above, which im-
plies that δLOl ∼ αg, makes it clear both that large phase
shifts corresponds to αg ≫ 1, and that the need to have
αg ≫ 1 is not alleviated by focusing on small scattering
angles. Indeed, considering small angles only affects the
approximation one can use for the Legendre polynomials
Pl(cos θ) in the partial wave expansion (4.3) [57, 58, 66].
One would need to control the large αg behavior of some
sort of resummed version of the perturbative expansion
of
fR(s, t, αg) = f1(s, t)αg + f2(s, t)α
2
g + f3(s, t)α
3
g + . . .
(4.62)
to be able to safely recover the classical information. The
eikonal resummation programme is aiming at doing so,
but it has not been implemented at the needed level.
Let us further list some more specific arguments sug-
gesting that it is ambiguous to try to extract from the
perturbative expansion (4.62) the corresponding classi-
cal PM-expanded information encoded. At the one-
loop level (second order in αg), there appears, when
considering the t/s ≪ 1 limit (or q → 0), a non-
analytic ln q term [13–16, 23]. This term corresponds
to a quantum modification of the LO gravitational po-
tential −Gm1m2(2γ2 − 1)/R (in physical units) by an
an additional term of the type (L2P ≡ ~G denoting the
squared Planck length)
− Gm1m2(2γ
2 − 1)
R
[
1 +A(γ, ν)
L2P
R2
]
, (4.63)
which corresponds, in the rescaled EOB units, to a cor-
rection of the potential w(r) = w1/r + . . . of the type
δw(r) = ν~̂A(γ, ν)
w1
r3
, (4.64)
i.e. a modification of the 3PM coefficient w3 of the type
δw3 = ν~̂A(γ, ν)w1 . (4.65)
Here the dimensionless coefficient A(γ, ν) has a finite
limit at low velocities (γ → 1) [13–16], but grows log-
arithmically at high energies (γ → ∞) [23]. More pre-
cisely, Ref. [23] found that the logarithmically growing
part of A(γ, ν) comes from a factor proportional to the
same arsinh function entering the result of Ref. [24],
denoted as(γ) above. We note that, in the domain of
validity of the perturbative regime αg → 0, i.e. ~̂ → ∞,
the one-loop contribution (4.65) to w3 is parametrically
larger than the (3PM-level) value wB3 derived from the
two-loop amplitude of Ref. [24]. There is then no guar-
antee that a formal analytic continuation of the pertur-
bative two-loop computation to the classically-relevant
domain where αg ≫ 1, i.e. ~̂≪ 1 will be valid.
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In addition to this argument, we would like to empha-
size that the structure of the perturbative O(G3) result
(4.53) suggests specific ambiguities in the formal extrac-
tion of the correct classical value of w3 from the pertur-
bative O(G3) amplitude. Indeed, the main idea of Ref.
[24] for extracting w3 is to read off the coefficient of ln q
in a truncated amplitude obtained by keeping only some
hopefully, classically relevant diagrams. Among the kept
diagrams we have, in particular, diagrams that represent
some exact counterparts of the Born-iterated terms ∝ w31
and ∝ w1w2. [For instance, the first (ladder) diagram in
Figure 14 of [24] represents an exact analog of the w31
contribution in (4.53).] But we would expect that this
correspondence is only approximate because the exact
quantum gravity diagrams contain much more physics
than their potential-scattering analogs. In particular, we
see on Eq. (4.58) that any one-graviton exchange (be-
tween the massive lines) in a diagram will enter with
a strength which is not exactly given by the classical
coupling 2G[2(p1 · p2)2 − p21 p22] = 2Gm21m22(2γ2 − 1) =
Gm21m
2
2w1, but which is corrected by terms of order q
2.
[We are aware of the rough nature of this statement when
it concerns one ladder rung among several rungs, and
we are also aware that in principle the exact integration
of the exact quantum gravity integrand would take into
account all such effects. However, we think that this
argument has heuristic value because of the neglect of
some other diagrams in [24].] We can then think that
in the potential-scattering analog of the triple-iterated
one-graviton exchange, namely the first term in (4.53),
one should insert an effective value of w1 corrected by
an O(q2) term. This suggests that the 1/q2 denominator
in the first term of (4.53) might be compensated, so that
the exact, triple-iterated analog of the first term of (4.53)
might yield a contribution proportional to the square of
an IR-divergent Coulomblike logarithm. Further expand-
ing the squared logarithm (we recall that our variable q
is dimensionless),(
ln
q
λ̂
)2
= (ln q)2 − 2 ln q ln λ̂+ (ln λ̂)2 , (4.66)
makes it thinkable that the exact analog of the triple-
iterated contribution might provide a linear-in-ln q con-
tribution, i.e. a contribution of the same type as the
−w3 ln q one.
Concerning the double-iterated w1w2 contribution we
have already seen that it does provide a linear-in-ln q con-
tribution. We see reasons why such a contribution might
be modified when taking into account diagrams that have
not been retained among the “classical-contributing” dia-
grams computed in [25]. Indeed, if we add to a one-loop
triangular diagram (linked to w2) a graviton exchange
line connecting an incoming particle to the outgoing line
of the other particle, it was shown by Weinberg [60] that
this exchange exponentiates into an IR-divergent factor
exp
(
1
2
B ln
Λ
λ
)
, (4.67)
where the real part of B is proportional to the product of
w1 = 2(2γ
2−1) and of the same arcsinh-related function
that enter the results of [25], namely
Re(B) =
Gm1m2
2π
1 + v2∞
v∞
√
1− v2∞
ln
1 + v∞
1− v∞
=
Gm1m2
π
w1
as(γ)
p∞
. (4.68)
This suggests (without proving it) that some logarithmic
term, with coefficient ∝ w1w2as(γ)/p∞, might be con-
tained in such unused diagrams and might modify the
extraction of the classical part of w3. This is consistent
with the discussion of [25] showing that all diagrams con-
taining IR divergences are needed to obtain a smooth
massless limit, while the ones retained in the analysis of
[25] lead to a logarithmically singular massless limit. We
shall discuss below the reasons why we think that the cor-
rect classical value of w3 has to have a smooth massless
limit, or, equivalently, a well-defined high-energy limit.
V. HIGH-ENERGY (HE) BEHAVIOR OF THE
EOB POTENTIAL AND OF ITS SF EXPANSION
Let us present several arguments confirming the ne-
cessity (pointed out in Ref. [20]) of a specific power-law
behavior, in the high-energy (HE) limit γ → ∞, of the
coefficients qn(P ) (entering the EOB Q potential), and
of the related coefficients wn(γ) and χn(γ), respectively
entering the EOB w potential, and the scattering func-
tion.
A. 2PM dynamics and a general heuristic
argument concerning HE behavior
A basic idea, which was explicitly checked at the 2PM
level in [20], is that the EOB mass-shell condition (3.2)
(which, for general energies and momenta, is a com-
plicated, nonlinear function of energies and momenta)
should simplify in the HE limit and become quadratic
in Pµ. Moreover, in this limit the dependence on the
mass ratio ν should also disappear. Indeed, it is only
when these two conditions are satisfied that the (equiv-
alent) limit where the two masses m1,m2 tend towards
zero, while keeping fixed the energies E1 =
√
m21 + p
2
1,
E2 =
√
m22 + p
2
2, exists. As (classical and quantum)
gravity couples to energy, rather than to rest-mass, one
a priori expects such a limit to exist. We will sketch
below, how a classical PM scattering computation could
prove that such a limit exists5. [One needs to be in a
PM framework to explore such a limit, as the usual PN
5 Ref. [20] also emphasized that the quantum, eikonal HE ampli-
tude computation of [26] was providing an independent proof of
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framework is by definition limited to the small momenta
regime.] If we assume for the moment that this HE limit
exists, it implies some specific HE behavior of the co-
efficients qn(P, ν) entering the rescaled EOB potential
Q̂ ≡ Q/µ2 . More precisely, such a good HE behavior
means that, for each value of n ≥ 2, the HE limit of
the coefficient qn(pλ, ν) (where pλ ≡ Pλ/µ) should be
a ν-independent quadratic form in pλ. [Note that this
is equivalent to saying that the unrescaled Q becomes
a ν-independent quadratic form in Pλ.] The precise ex-
pression for the limiting behavior of qn(pλ, ν) depends on
the gauge chosen to write it. In the first form (3.7) of
the energy gauge (where qn(pλ, ν) is only a function of
p0 = −Eeff/µ = Êeff), one would have
lim
Êeff→∞
qEn (Êeff , ν) ≈ c(qE)n Ê2eff , (5.1)
while, in the second (Hamiltonian) form (3.8) of the en-
ergy gauge one would have
lim
ĤSchw→∞
qn(ĤSchw, ν) ≈ c(qH)n Ĥ2Schw . (5.2)
As we shall explicitly check below the 3PM result of
[24, 25] does not respect this behavior because of the
logarithmic growth of the arcsinh term entering their re-
sults.
B. On the use of self-force (SF) theory to derive
exact PM dynamics
Before using SF theory to control the HE behavior of
the PM dynamics, let us point out a potentially interest-
ing new use of SF theory.
Let us start by recalling that the discussion in Section
II above allowed one to give a stringent upper bound on
the number of unknown functions of γ entering each PM
order. In particular, we found that, both at the 3PM
and the 4PM levels, there was only one a priori unknown
function of γ. Namely, in the parametrization of Eqs.
(2.48) and (2.49), the function χ̂
(2)
3 (γ) at the 3PM level,
and the function χ̂
(3)
4 (γ) at the 4PM level. We wish to
point out here the rather remarkable fact that SF theory
(which, in the framework of EOB theory means expand-
ing the EOB dynamics to linear order in ν), can, in prin-
ciple, be used to derive in an exact manner the 3PM and
4PM dynamics. The main point is that the first-order SF
(1SF) expansions of the 3PM and 4PM scattering func-
tions χ3(γ, ν) and χ4(γ, ν), i.e their expansions in powers
of ν, keeping only the term linear in ν, contain enough
the existence of a good HE limit, but Refs. [24, 25] dismiss this
fact by arguing that the massless limit does not commute with
the classical limit.
information to compute the exact functions χ3(γ, ν) and
χ4(γ, ν). Indeed, using the fact that
h(γ, ν) =
√
1 + 2ν(γ − 1) = 1+ ν(γ− 1)+O(ν2), (5.3)
and considering first the 3PM level, the 1SF expansion
of χ3(γ, ν) reads, from Eq. (2.48),
χ3(γ, ν) = χ
Schw
3 (γ)− 2ν(γ − 1)χ̂(2)3 (γ) +O(ν2). (5.4)
Therefore the linear-in-ν, or 1SF contribution, to χ3(γ, ν)
is proportional to the function (γ − 1)χ̂(2)3 (γ), so that
an analytical knowledge of χ1SF3 yields enough knowl-
edge to compute χ̂
(2)
3 (γ), and thereby the exact, non-SF-
expanded value Eq. (2.48) of χ3(γ, ν).
The same result holds at the 4PM level. Namely, start-
ing from Eq. (2.49), the 1SF expansion of χ4(γ, ν) reads
χ4(γ, ν) = (1−ν(γ−1))χSchw4 (γ)−2ν(γ−1)χ̂(3)4 (γ)+O(ν2).
(5.5)
Using the exact value of χSchw4 (γ), Eqs. (2.41), we see
that an analytical knowledge of χ1SF4 yields enough in-
formation to compute χ̂
(3)
4 (γ), and thereby the exact,
non-SF-expanded value Eq. (2.49) of χ4(γ, ν).
One does not have today general enough 1SF results
allowing one to extract χ̂
(2)
3 (γ), χ̂
(3)
4 (γ), and their higher-
order analogs. Actually, the SF theory of scattering mo-
tions is still in its developing stages. Some years ago
Ref. [67] had pointed out the interest of extending the
SF approach (which is usually applied only to circular,
or near-circular, states) to scattering states, and showed
what information it could give. Due to technical issues,
it is only very recently [68] that a numerical implementa-
tion of one of the scattering-type SF computations pro-
posed in Ref. [67] has been accomplished. Here, we
are suggesting to develop an analytical, PM-expanded
SF framework, e.g. based on the G−expansion of the
Mano-Suzuki-Takasugi formalism, for computing the G-
expansion of the scattering angle in large-mass-ratio bi-
nary systems. When a second-order SF formalism be-
comes available, the same idea will allow one to com-
pute the exact 5PM and 6PM (conservative) dynamics.
Indeed, a look at Eqs. (2.47) shows that, after using
the test-mass knowledge (χSchw5 , χ
Schw
6 ), one has two un-
known functions of γ at 5PM and at 6PM, so that it is
enough to know the 1SF (O(ν)) and the 2SF (O(ν2)) con-
tributions to the SF expansions of χ5(γ, ν) and χ6(γ, ν)
to reconstruct their exact expressions for any mass ratio.
C. Incompatibility between the 3PM dynamics of
Refs. [24, 25] and the HE behavior of the SF
Hamiltonian of an extreme mass-ratio two-body
system
The penultimate subsection stated a general expecta-
tion, and its technical consequences, but the only proof
we gave so far of its validity (for the classical dynamics)
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is the HE behavior of the 1PM and 2PM dynamics. Let
us, however, show how explicit results from SF theory ob-
tained in Ref. [51] give strong evidence for the existence
of a good HE limit of the (resummed) PM dynamics,
thereby correlatively suggesting that the 3PM result of
[24, 25] is incorrect.
Let us start by showing how the circular-orbit SF com-
putation of Ref. [51] provides a direct handle on the high-
energy (HE) of the 1SF-expanded two-body dynamics.
To be concrete, and explain the contradiction between
the 3PM result of [24, 25] and the 1SF result of [51], let
us consider the 1SF expansion of the 3PM-accurate EOB
Hamiltonian derived in [49] from the results of [24, 25].
We recall that the two-body Hamiltonian is expressed by
the general formula (3.1) in terms of the effective Hamil-
tonian Eeff = Heff(R,P). In turn, the effective Hamilto-
nian is obtained by solving the EOB mass-shell condition
(3.5) for Eeff . In the H-type energy gauge this yields a
squared effective Hamiltonian of the form (in rescaled
variables)
Ĥ2eff(r,p) = Ĥ
2
S + (1− 2u)Q̂H(u, ĤS) , (5.6)
where
Ĥ2S(r,p) = (1− 2u)
(
1 + (1 − 2u)p2r + u2p2ϕ
)
, (5.7)
and
Q̂H(u, γ, ν) = u2q2(γ, ν) + u
3q3(γ, ν) +O(G
4) . (5.8)
The 2PM coefficient q2(γ, ν) is given by [20]
q2(γ, ν) =
3
2
(
5 γ2 − 1) [1− 1
h(γ, ν)
]
, (5.9)
while the 3PM coefficient derived in [49] by combining
the results of [24, 25] and [20] reads
q3(γ, ν) = B(γ)
(
1
h(γ, ν)
− 1
)
+ CB(γ)
(
1
h2(γ, ν)
− 1
)
= B(γ)
(
1
h(γ, ν)
− 1
)
+ 2ν
C
B
(γ)
h2(γ, ν)
, (5.10)
where
B(γ) ≡ 3
2
(2γ2 − 1)(5γ2 − 1)
γ2 − 1 , (5.11)
and where
CB(γ) = −C
B
(γ)
γ − 1 , (5.12)
with the explicit value of C
B
(γ) witten in Eq. (3.69)
above.
A crucial point is that the HE limit γ → ∞ and the
SF limit ν → 0 do not commute because of the denom-
inators involving powers of h(γ, ν) =
√
1 + 2ν(γ − 1).
When discussing SF results we are interested in perform-
ing first a linear expansion in ν, and in then taking the
HE limit of this linear expansion. Let us denote, for sim-
plicity, by F 1SF the coefficient of ν in the linear-in-ν, or
1SF, expansion of any EOB function, F , considered as a
function of the EOB phase-space variables r,p, and of ν:
F (r,p, ν) = F (r,p, 0) + νF 1SF(r,p) +O(ν2).
Applied to q2(γ, ν) this yields first
q1SF2 =
3
2
(γ − 1) (5 γ2 − 1) , (5.13)
which becomes in the HE limit γ →∞
q1SF2
HE
=
15
2
γ3 . (5.14)
Applying the same (non commuting) successive limits to
q3(γ, ν) yields
q1SF3
HE
=
11
3
γ3 + 16γ3 ln(2γ) . (5.15)
Let us consider
Q̂1SF =
[
Ĥ2eff
]1SF
1− 2u . (5.16)
We have
Q̂1SF = u2q1SF2 + u
3q1SF3 + O(u
4) . (5.17)
Its HE limit reads
Q̂1SF
HE
=
15
2
γ3u2 +
11
3
γ3u3 + 16γ3 ln(2γ)u3 +O(u4).
(5.18)
The crucial point is that the ln(2γ) contribution coming
from the arcsinh term introduces a logarithmic violation
of the power-law behavior Q̂1SF ∼ γ3. In other words,
the ratio
Q̂1SF
γ3
HE
=
15
2
u2 +
11
3
u3 + 16 ln(2γ)u3 +O(u4), (5.19)
does not have a finite HE limit because of the presence
of the arcsinh term.
Barring a fine-tuned cancellation coming from 4PM
and higher contributions, this absence of HE limit of the
ratio Q̂1SF/γ3 is in direct conflict with a result obtained
in Ref. [51]. Indeed, Akcay et al. [51] have computed a
1SF-accurate gauge-invariant function which can be di-
rectly related to Q̂1SF. More precisely, Ref. [51] consid-
ered the sequence of circular orbits of a small black hole
(of mass m1) around a large black hole (of mass m2) and
computed a function a1SFE (u) which (using results from
Refs. [69–71]) can be related to Q̂1SF in the following
(gauge-invariant) way (see [51] for details)
a1SFE (u)
(1− 2u)2 =
[
Q̂1SF
Ĥ3S
]circ
. (5.20)
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The superscript circ on the right-hand side means that
the arguments of the EOB function Q̂1SF/Ĥ3S must be
evaluated along the sequence of circular orbits around a
Schwarzschild black hole of mass M , i.e. that we have
the relation
γcirc = ĤcircS =
(1− 2u)√
1− 3u . (5.21)
Rigorously speaking, only the part of the sequence of
circular orbits describing the unstable orbits below R =
4GM , i.e. 14 < u <
1
3 , lead to a value of γ
circ > 1 that
can be directly inserted in the formulas above. However,
one can formally consider the analytic continuation of the
formulas above for smaller values of u. In particular, we
could satisfactorily check that, in the PN limit u → 0,[
Q̂1SF/Ĥ3S
]circ
= 2u3+O(u4), which agrees with the LO
PN term in a1SFE (u)/(1− 2u)2.
The contradiction with the result above then comes
when focussing on the limit u→ ( 13)−. This limit, which
physically corresponds to considering HE circular orbits
near the light ring of the large-mass black hole, realizes
the above-considered HE limit γ →∞. The crucial point
is that Ref. [51] could numerically study with high accu-
racy the behavior of the a1SFE (u) in this limit, and found
that it admitted a finite limit yielding
lim
γ→∞
[
Q̂1SF
Ĥ3S
]circ
=
27
4
ζ , (5.22)
where ζ is a finite number equal to 1 to good accuracy.
In particular, the study of the behavior of a1SFE (u) in the
close vicinity of u = 13 definitely excluded the presence of
a LO logarithmic singularity∝ ln(1−3u), i.e. ∝ ln γ. On
the other hand, the numerical results of [51] were com-
patible with the additional presence of a subleading log-
arithmic singularity, i.e. a behavior of Q̂1SF/γ3 − 27ζ/4
of the form ∝ (1 − 3u) ln(1− 3u), i.e. ∝ γ−2 ln γ.
The main conclusion from this comparison is that the
polynomial coefficient of as(γ)/
√
γ2 − 1 in the function
C
B
(γ), Eq. (3.69), cannot contain a term ∝ γ4, but can
at most contain a term ∝ γ2. Our discussion above of
possible modifications of w3 (in particular with arcsinh-
dependent contributions) coming either from contribu-
tions to the amplitude that were not retained in Refs.
[24, 25], or from ambiguities in the extraction of a clas-
sical potential from a quantum amplitude then lead us
to conjecture a minimally modified form of the 3PM dy-
namics that is compatible with the results of [51].
D. Uniqueness of a new, conjectured 3PM
dynamics
In view of the results and arguments of the previous
subsection we conjecture that the correct form of the
function C(γ) (which fully determines the 3PM dynam-
ics) should be of the general form6
C
c
(γ) = P3(γ) + P2(γ)
arcsinh
√
γ−1
2√
γ2 − 1 , (5.23)
where P3(γ) and P2(γ) are two polynomials in γ of the
indicated orders. One could a priori consider the most
general such polynomials, say
P3(γ) = c0 + c1γ + c2γ
2 + c3γ
3 , (5.24)
and
P2(γ) = d0 + d1γ + d2γ
2 . (5.25)
However, as we expect that there exist classical cousins
of the two-loop diagrams computed in Refs. [24, 25]
that will share some of the basic features of the latter,
we are going to assume that the two polynomials P3(γ)
and P2(γ) have the same symmetry properties that are
present in their quantum analogs. On the one hand, it is
clear from Eqs. (9.2) that all the intermediate polynomial
coefficients of the arcsinh term are even in γ. Therefore,
we shall correspondingly assume that our reduced-order
arcsinh coefficient, P2(γ), is even in γ, i.e., of the form
P2(γ) = d0 + d2γ
2 . (5.26)
Concerning the other polynomial P3(γ), which, in view
of our results above, can be identified (modulo an overall
factor) to the polynomial part of h2(γ, ν)w3(γ, ν), and
to the coefficient denoted τ1 in Eq. (9.5) of [25], we
shall follow the indication of [25] (given just below Eq.
(9.5) there) that (after completing it by the overall factor
m31m
3
2) it must be a polynomial in
7 m21, m
2
2 and (p1 · p2).
When converting this property in terms of the polyno-
mial P3(γ), it leads to restricting it to be odd in γ, i.e.,
of the form
P3(γ) = c1γ + c3γ
3 . (5.27)
Finally, our new ansatz (5.23), with the symmetry
properties (5.26) and (5.27), contains only four un-
known parameters. If we now use the recently inde-
pendently derived (by using reliable classical methods)
5PN-level value of C(γ) [50], as written in Eq. (3.68)
above, we have in hands four equations for the four un-
knowns c1, c3, d0, d2. By solving these four equations we
have found they uniquely determine c1, c3, d0, d2, thereby
6 If we knew sufficiently many terms in the PN expansion of C(γ)
the method of Ref. [72] would allow us to derive its exact form
without assuming such a restricted form.
7 I thank Mikhail Solon for clarifying the fact that the statement
written below Eq. (9.5) of [25], which only speaks of a polynomial
dependence onm1,m2 and γ ≡ σ, should crucially be made more
precise by mentioning the even dependence on the masses.
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uniquely determining the exact 3PM dynamics from the
use of 5PN-level information only8. The resulting unique
value of C(γ) reads
C
c
(γ) = γ(35 + 26γ2)− (18 + 96γ2) as(γ)√
γ2 − 1
, (5.28)
as already written above.
E. Comparison of the HE behavior implied by the
new, conjectured 3PM dynamics with other results
Let us compare the HE behavior of the 3PM dynamics
implied by Eq. (5.28) and other HE results. We first
consider the 1SF expansion of the new, conjectured 3PM
dynamics. We recall that the function C(γ) determines a
corresponding function C(γ) = −C(γ)/(γ− 1), or equiv-
alently the sum
A(γ) +B(γ) = −C(γ) = +C(γ)
γ − 1 . (5.29)
As we unambiguously know the function B(γ), Eq.
(3.59), we thereby know the three functions A(γ), B(γ)
and C(γ) that parametrize a general 3PM dynamics. Let
us, in particular, consider the corresponding EOB func-
tion q3(γ, ν), Eq. (3.62), which enters the EOB Q po-
tential. At the 3PM level we have, from Eq. (3.27), in
Schwarzschild-type coordinates,
Q̂3PM(u, γ, ν) = u2q2(γ, ν) + u
3q3(γ, ν) . (5.30)
Inserting the value of q3(γ, ν) predicted by Eq. (5.28)
leads to a fully explicit conjectured 3PM-accurate func-
tion Q̂c 3PM(u, γ, ν). Let us consider the 1SF-accurate
value of Q̂c 3PM(u, γ, ν), i.e., the coefficient of ν in the ν-
expansion of the full function Q̂c 3PM(u, γ, ν). And then,
let us consider the HE behavior of Q̂c 3PM1SF(u, γ), i.e.,
its asymptotic behavior as γ → ∞. A straightforward
calculation yields
Q̂c 3PM1SF
γ3
HE
=
15
2
u2 + 37u3 +O(u4) . (5.31)
This result differs from the one deduced above, Eq.
(5.18), from [25] in two ways. First, there is no loga-
rithmic term ∝ ln(2γ), so that the HE limit is finite.
Second, the coefficient of the u3 term is different. If we
numerically insert the value u = 13 corresponding to the
8 This result is compatible with the statement made in the second
sentence below Eq. (9.5) of [25] to the effect that their more
general ansatz (involving an extra term d4γ4 in the coefficient of
the arcsinh) is uniquely fixed by the 6PN-level O(G3) amplitude.
lightring result of [51] we get the following 3PM estimate
of the latter finite limit, namely
lim
γ→∞
[
Q̂c 3PM1SF
γ3
]lightring
=
5
6
+
37
27
=
119
54
≈ 2.2037 (5.32)
The corresponding numerical result of [51], Eq. (5.22),
was ≈ 274 = 6.75. We should not expect a close nu-
merical agreement because we have used in our analyti-
cal estimate only the first two terms (2PM and 3PM) in
the infinite PM expansion of this ratio. We see that the
two terms we know (corresponding to the two terms on
the first line of the above equation) do not exhibit any
clear convergence, the second (3PM-level) contribution
being actually larger than the first (2PM-level) one. Had
we considered, instead of Q̂c 1SF, the 1SF contribution
to the squared effective Hamiltonian Ĥ2eff = (1 − 2u)Q̂,
and had we truncated it to the 3PM level, we would
have obtained an analytical estimate for the HE limit
of (Ĥ2eff)
c 3PM1SF/γ3 equal to 152 u
2 + 22u3, which yields
89
54 ≈ 1.6481 when u → 13 . The corresponding exact SF
numerical result would now be 94ζ ≈ 2.25. In that com-
parison the 3PM analytical result would be rather close
to the exact SF one. Evidently, in view of such differ-
ences induced by the use of 3PM truncations of various
(related)PM series, we cannot draw a firm conclusion.
However, we can reasonably summarize these compar-
isons by saying that, in addition to correctly predicting
the finiteness of the HE limit, the 3PM conjectural ex-
pression Eq. (5.28) is compatible both in sign and in
order of magnitude with the numerical SF result of [51].
As we are going to see next, predicting the correct sign
is a non trivial matter.
Let us now come back to the full, non-SF-expanded
version of the 3PM dynamics, and consider its HE limit.
More precisely, let us consider the 3PM-level scattering
angle predicted by Eq. (5.28). It is given by the expres-
sion (see (3.61))
χ3(γ, ν) = χ
Schw
3 (γ)− p∞
C
c
(γ)
γ − 1
(
1− 1
h2(γ, ν)
)
.
(5.33)
When considering the HE limit (or, equivalently the
massless limit at fixed momenta), the ν-dependent term
1/h2(γ, ν) tends towards zero, and we get
χ3(γ, ν)
HE
=
64
3
γ3 − 26γ3 = −14
3
γ3 . (5.34)
Here, the first term on the first right-hand side (which
is positive) is the HE contribution coming from the
Schwarzschild term, while the second term (which is neg-
ative) comes from the γ3 term in the P3(γ) part of C
c
(γ).
The latter negative contribution wins over the positive
Schwarzschild one and leads to a final negative 3PM-level
contribution to the HE scattering angle. Remembering
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that the HE limit of the 2PM scattering χ2(γ, ν) vanishes
(because of its ∝ 1/h(γ, ν) structure), and adding the
1PM contribution, we can write the prediction for the
3PM-accurate (two-loop) scattering angle coming from
C
c
(γ). Let us (following Ref. [20]) use the notation
α ≡ γ
j
≡ GMEeff
J
=
G
2
s−m21 −m22
J
. (5.35)
We then get
1
2
χ
HE
= 2α− 14
3
α3 , (5.36)
or, equivalently,
sin
1
2
χ
HE
= 2α− 6α3 , (5.37)
or
tan
1
2
χ
HE
= 2α− 2α3 . (5.38)
By comparison, the eikonal-approximation two-loop re-
sult of Amati, Ciafaloni and Veneziano [26] gave the re-
sult,
sin
1
2
χ
HE
= 2α+ 8α3 , (5.39)
or, if we use a correction suggested by Ciafaloni and
Colferai [73],
tan
1
2
χ
HE
= 2α+ 8α3 . (5.40)
As we see, neither of the two interpretations of the ACV
computation is compatible with our conjectured classical
3PM dynamics. Most striking is the fact that our C
c
(γ)
predicts a negative 3PM-level contribution to the scatter-
ing angle, while the result of ACV led to a positive one. It
would be interesting to reexamine what determined the
sign of the H-diagram computation of ACV, and whether
some overall negative sign correction should be applied.
Even so, the numerical coefficient of the α3 term would
not precisely match.
F. Expected structure of the HE limit of PM
gravity
To complete our discussion of HE PM gravity, let us
indicate the existence of a classical HE symmetry pre-
dicting, among other results, that the HE PM scattering
angle will contain only odd powers of α ≡ γj , so that
χ
2
HE
= 2α+ cχ3α
3 + cχ5α
5 + cχ7α
7 + · · ·
= 2
γ
j
+ cχ3
γ3
j3
+ cχ5
γ5
j5
+ cχ7
γ7
j7
+ · · · (5.41)
Such a structure was deduced, in the case of the HE
quantum scattering, by Amati, Ciafaloni and Veneziano
[26] from analyticity requirements in s. The aim of the
present discussion is to exhibit a classical symmetry lead-
ing to the same result for the classical scattering.
Let us consider again the classical time-symmetric
Lorentz-invariant, PM perturbation-theory computation
of the momentum change ∆p1µ = −∆p2µ. Above we
wrote this PM perturbation theory in terms of two world-
lines parametrized by their proper times sa, so that
uµa = dx
µ
a/dsa were two unit vectors, because we wanted
to keep track of the dependence on the two rest masses
ma, entering the stress-energy tensor as multiplicative
factors. But we could have, instead, as was actually done
in [20, 44], use worldline parameters σa = sa/ma such
that dxµa/dσa = mau
µ
a = p
µ
a . In this parametrization
the stress-energy tensor does not involve the masses, but
only the momenta, and reads
T µν(x) =
∑
a=1,2
∫
dσap
µ
ap
ν
a
δ4(x− xa(σa))√
g
=
∑
a=1,2
∫
pµadx
ν
a
δ4(x− xa)√
g
. (5.42)
One then checks that the masses will never explicitly
occur in this reformulation of PM perturbation theory.
This reformulation is useful for treating the limiting case
where ma → 0, uµa → ∞, keeping fixed the values of the
momenta pµa = mau
µ
a . In this limit the two momenta,
and the two worldlines, become lightlike: p2a = −m2a → 0.
The expressions written down in Refs. [20, 44] then de-
fine a formal PM perturbation theory that applies when
one or two of the particles are massless. Let us consider
the case where both particles are massless. A difference
with the massive case is that the convolution of the time-
symmetric propagator ∝ δ [(x− y)2] with a T µν(y) lo-
calized along a null geodesic (which is straight at LO)
selects a single (advanced or retarded) source point xa
on each worldline. [Indeed, the LO equation to solve in
σa, for a given field point x, namely (x−x0a−p0aσa)2 = 0,
is linear, rather than quadratic, in σa because (p
0
a)
2 = 0.]
The corresponding linearized approximation for the met-
ric (in harmonic gauge) reads
hma=0µν (x) =
∑
a
4G
paµpaν
|(x− xa) · pa| +O(G
2) . (5.43)
In the presently considered case where the pa’s are null,
the expression (5.43) represents a sum of Aichelburg-
Sexl metrics [74] associated with each worldline. Each
Aichelburg-Sexl metric is flat (zero curvature) outside of
the null hyperplanes (x−xa).pa = 0, but has nonzero cur-
vature concentrated (in a Dirac-delta manner) on these
hyperplanes. This raises some technical issues about the
choice of a suitable gauge leading to well-defined (and
convergent at large distances) integrals when comput-
ing the nonlinear PM contributions to the metric and to
∆p1µ.
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We shall assume here that the formal PM perturbation
theory for the scattering of two massless particles leads
(possibly after the use of a suitable gauge for representing
the physical content of the metric (5.43)) to well-defined
integral expressions for the vectorial momentum transfer
∆pµ ≡ ∆p1µ = p′1µ − p1µ = −∆p2µ.
The (incoming) vectorial impact parameter bµ (such
that b · p1(−∞) = 0 = b · p2(−∞)) is easily seen to be
uniquely defined by the geometrical configuration made
by the two incoming (null) worldlines. One can then
write ∆pµ as a covariant function of bµ and of the two
incoming momenta. As before the corresponding scalar
Q(p1, p2, b) ≡
√−t ≡√ηµν∆p1µ∆p1ν , (5.44)
must be a Lorentz scalar covariantly constructed from
the vectors bµ, and paµ (the latter denoting the incom-
ing values of the momenta). As bµ is (by definition)
orthogonal to the two momenta, and as the momenta
have vanishing Lorentz norms, the only scalar product
that can be extracted from the geometrical configura-
tion p1, p2, b is the scalar product |(p1 · p2)| = −(p1 · p2).
[We assume that p1 and p2 are both future-oriented so
that (p1 · p2) < 0.] This technical fact can be geomet-
rically understood as follows. After fixing the vectorial
impact parameter bµ, the geometrical configuration de-
fined by the two incoming null worldlines admits as sym-
metry group the subgroup of the Lorentz group made
of boosts acting in the two-plane spanned by the two
null vectors p1 and p2. If we consider a null frame with
two null vectors ℓµ, nµ, respectively parallel to p1 and
p2, but normalized so that ℓ · n = −1, these boosts are
parametrized by a scalar k (equal to
√
(1− v)/(1 + v) in
terms of the usual boost velocity v) acting on the null
frame ℓ, n as ℓ → kℓ, n → k−1n. These boosts change
the components of p1 and p2 along the null basis vectors
ℓ, n (say pµ1 = p1ℓℓ
µ and pµ2 = p2nn
µ) by factors k−1 and
k, respectively. The Lorentz scalar Q(p1, p2, b) must be
invariant under these coordinate transformations. [One
could gauge-fix this residual Lorentz symmetry by go-
ing to the c.m. frame where the spatial components of
p1 and p2 are opposite, but the idea here is, on the con-
trary, to use this symmetry to constrain the expression of
Q(p1, p2, b).] As, in addition, the structure of PM pertur-
bation theory (together with dimensional analysis) shows
(as is visible on the first approximation (5.43), and the
formulas written in [20, 44]) that, at each PM order GN ,
Q(p1, p2, b) will be a homogeneous polynomial of order
N + 1 in p1ℓ and p2n (and be proportional to 1/b
N) we
conclude that N + 1 must be an even integer, and that
Q(p1, p2, b) must be a polynomial (of order (N +1)/2) in
the product of components p1ℓp2n, i.e. in the scalar prod-
uct |(p1 · p2)| = −(p1 · p2). This leads to a PM expansion
for Q(p1, p2, b) of the form
1
2
Qmassless(p1, p2, b) = 2
G|(p1 · p2)|
b
+ Q3
G3|(p1 · p2)|2
b3
+ Q5
G5|(p1 · p2)|3
b5
+ · · · (5.45)
Let us point out again that the HE structure (5.45)
is giving us a non trivial information about the struc-
ture of the finite-mass expression of Q(p1, p2, b;m1,m2).
For instance, the well-confirmed 2PM-accurate scattering
[20, 39, 47] reads
1
2
Q(p1, p2, b,m1,m2) =
G
b
2(p1.p2)
2 − p21p22√
(p1.p2)2 − p21p22
+
3π
8
G2
b2
(m1 +m2)(5(p1.p2)
2 − p21p22)√
(p1.p2)2 − p21p22
+O(G3) .
(5.46)
When taking the massless limit ma → 0, p2a → 0 (equiv-
alent to considering the HE limit), this reduces to
1
2
Q(p1, p2, b, 0, 0) =
2G|(p1.p2)|
b
+O
(
G3
b3
)
, (5.47)
which checks the absence of any O(G2/b2) contribution
in that limit.
Let us mention in passing that, though the massless
(i.e. lightlike) limit of PM perturbation theory might
give rise to worsened convergence issues for the various
integrals giving the values of the coefficients Qn, as com-
pared to the usual massive case involving timelike world-
lines, we do not see how classical perturbation theory of
massless particles could generate any logarithmic term.
Indeed, after factorization of a power of G at each PM or-
der, there seems to be no way to classically generate the
dimensionless argument of a logarithm from the squared
mass scale |(p1.p2)| and the length scale b. We note in
this respect that the first logarithm entering the PN ex-
pansion of the two-body dynamics arises at the O(G4)
(and 4PN) level [67, 75] and is linked to a time nonlocal-
ity connected with hereditary tail effects [76]. However,
the corresponding O(G4) logarithmic contribution to the
scattering angle actually involves the logarithm of a di-
mensionless velocity (see Ref. [56]).
G. Expected HE behavior of EOB potentials and a
4PM-level result
Let us finally sketch how the just described HE be-
havior of the scattering function translates into a cor-
responding HE behavior of the EOB Q potential9. We
first transcribe the massless (or high-energy) scattering
expansion (5.45) in terms of the HE behavior of the var-
ious coefficients χn(γ, ν) or q
E
n (γ, ν) entering the usual
(massive) scattering PM expansion and its EOB formu-
lation. From (5.45) we deduce
sin
χ
2
=
Q
2Pc.m.
=
2G|(p1 · p2)|
bPc.m.
+Q3
G3|(p1 · p2)|2
b3Pc.m.
+O(G5/b5)
(5.48)
9 Beware of not confusing the EOB Q potential with the momen-
tum transfer Q.
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Using the link
J = b Pc.m. (5.49)
one sees that, in the HE limit γ →∞, we have
√
s = Ereal =
√
m21 + P
2
c.m. +
√
m22 + P
2
c.m.
HE
= 2Pc.m. ,
(5.50)
and
s = −(p1 + p2)2 HE= 2|(p1.p2)| (5.51)
so that the above-defined dimensionless parameter α ≡
γ/j can be rewritten, in the HE limit, as
α
HE
=
GEreal
b
HE
=
G
√
2|(p1.p2)|
b
. (5.52)
Therefore, the expansion (5.48) yields
sin
χ
2
HE
= 2α+
Q3
2
α3 +
Q5
4
α5 + · · · (5.53)
Such a HE expansion, which also implies that
χ
2
HE
= 2α+ cχ3α
3 + cχ5α
5 + · · ·
= 2
γ
j
+ cχ3
γ3
j3
+ cχ5
γ5
j5
+ · · · (5.54)
means that the expansion coefficients χn(peob, ν) of
χ
2
have HE behaviors that are different for even or odd PM
orders. Namely, odd PM orders yield
χ2n+1(peob, ν)
HE
= cχ2n+1 p
2n+1
eob
HE
= cχ2n+1 γ
2n+1 , (5.55)
with nonzero, ν-independent numerical coefficients cχ2n+1,
while even PM orders lead to
lim
peob→∞
χ2n(peob, ν)
p2neob
= 0 = lim
γ→∞
χ2n(peob, ν)
γ2n
, (5.56)
We have seen above that the test-particle expansion co-
efficients have a similar HE behavior (with, however, non
vanishing even coefficients cχSchw2n ).
Let us now translate these results on the HE asymp-
totics of the scattering angle into results on the HE be-
havior of the PM expansion coefficients qEn (γ, ν) of the
mass-shell EOB (rescaled) Q potential,
Q̂E(u, γ, ν) = u2q2(γ, ν)+u
3q3(γ, ν)+u
4qE4 (γ, ν)+O(G
5).
(5.57)
From the relations derived in section III between χn
and qEn we easily see that any HE behavior of the type
χn(peob, ν)
HE
= cχn p
n
eob translates into a quadratic HE be-
havior for qEn (γ, ν), namely relations of the type (5.1) or
(5.2), with ν-independent numerical coefficients cqEn or
cqHn . In addition, we have also the constraints coming
from the fact that the even asymptotic coefficients cχ2n
must vanish. This leads to the following links
cqE2 = c
qH
2 =
15
2
, (5.58)
which we already knew, and the new links
cqE3 = c
qH
3 = −cχ3 +
64
3
− 2cqE2 = −cχ3 +
19
3
, (5.59)
and
cqE4 = −3cqE3 +
705
16
= 3cχ3 +
401
16
. (5.60)
If we trust our conjectured 3PM result (3.71), we have
seen that the coefficient of γ3 in the HE expansion of
the scattering function should be cχ3 = − 143 . This would
imply the following results
cqE3 = +11 , (5.61)
and
cqE4 =
177
16
. (5.62)
In other words, denoting
f¯(u) =
15
2
u2 + 11u3 +
177
16
u4 +O(u5) , (5.63)
the HE mass-shell condition reads
−Ê2eff
(
1
1− 2u − f¯(u)
)
+(1−2u)p2r+ j2u2 = 0 . (5.64)
This HE mass-shell condition is similar to Eq. (7.14) of
[20], but differs from it in two different ways. On the
one hand, we used here the conjectured 3PM dynamics
derived above, instead of the HE 3PM scattering coeffi-
cient cχ3 =
28
3 derived by ACV. On the other hand, we
used here the E-type energy gauge, while Ref. [20] used
a H-type one. [It is, however, easy, to go from one gauge
to the other.]
H. SF derivation of a general conjecture about the
HE behavior of χ̂
(p)
n (γ) and q̂
(p)
n (γ)
We can complete our discussion of the HE behavior
by indicating how it is most probably related to general
properties of the building blocks χ̂
(p)
n (γ) and q̂
(p)
n (γ) de-
scribing the dependence of χn(γ, ν) and qn(γ, ν) on the
symmetric mass ratio ν. We recall that we have proven
above that this dependence can be expressed via a depen-
dence on the function h(γ, ν). More precisely, we wrote
formulas of the following form
χn(γ, ν) =
χ̂
(n−1)
n (γ)
hn−1(γ, ν)
+
χ̂
(n−3)
n (γ)
hn−3(γ, ν)
+ · · · (5.65)
or
χn(γ, ν) − χSchwarzn (γ) = χ̂(n−1)n (γ)
(
1
hn−1(γ, ν)
− 1
)
+ χ̂(n−3)n (γ)
(
1
hn−3(γ, ν)
− 1
)
+ · · · (5.66)
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and
q2(γ, ν) = q̂
(1)
2 (γ)
(
1− 1
h(γ, ν)
)
,
q3(γ, ν) = q̂
(1)
3 (γ)
(
1− 1
h(γ, ν)
)
+ q̂
(2)
3 (γ)
(
1− 1
h2(γ, ν)
)
,
q4(γ, ν) = q̂
(1)
4 (γ)
(
1− 1
h(γ, ν)
)
+ q̂
(2)
4 (γ)
(
1− 1
h2(γ, ν)
)
+ q̂
(3)
4 (γ)
(
1− 1
h3(γ, ν)
)
. (5.67)
Let us now use SF theory to derive some structural infor-
mation about the HE limit of the various building blocks
χ̂
(p)
n (γ) and q̂
(p)
n (γ). We can use a reasoning which was
the one used in Ref. [51] to understand the HE behavior
found there when considering 1SF expanded quantities
near the light ring. Let us imagine analytically comput-
ing the SF expansion for the total change of momentum
of a small-mass particle (say of massm1) interacting with
a large-mass black hole (say of mass m2 ≫ m1). It can
be formally obtained from replacing on the right-hand
side of
∆u1µ =
1
2
∫ +∞
−∞
∂µgαβ(xa)u
α
adx
β
a , (5.68)
gαβ by g
(0)
αβ (m2) + hαβ (and correlated O(ν) changes in
uαa and the worldline). Here, the perturbation hαβ of
the metric must be determined by solving the linearized
perturbed Einstein equations (around g
(0)
αβ (m2)), say
δGµν
δgαβ
[hαβ ] = 8πGm1
∫
uµ1dx
ν
1
δ4(x − x1(s1))√
g
. (5.69)
If we consider an ultra-relativistic motion (uµ1 ≫ 1, keep-
ing the product m1u
µ
1 small) of the small particle, the
perturbation hαβ of the metric (which is sourced by
m1u
µ
1 ) will be proportional to, say, the conserved energy
E1 = −m1uµ1 ξµ (where ξµ is the time-translation Killing
vector of the background g
(0)
αβ (m2)). A direct consequence
of this simple remark is that the fractional 1SF change
in the scattering angle will be of order O(E1/m2), rather
than the naive estimate O(m1/m2) that holds for parti-
cles with velocities small or comparable to the velocity
of light. In the EOB formalism, the 1SF effects are de-
scribed by the linear-in-ν piece in the mass-shell term
Q. The previous reasoning shows that, when consider-
ing the small back-reaction ultrarelativistic double limit
where −uµ1 ξµ → ∞, m1 → 0 with E1 = −m1uµ1 ξµ fixed
but much smaller than m2, i.e. a limit where one first
expands to linear order in ν, and then formally considers
the limit where γ = −(p1 · p2)/(m1m2) ≈ E1/m1 ≫ 1,
one will have fractional corrections to χ of order νγ. In
other words, when expanding in powers of G, the 1SF
contribution to each coefficient χn(γ, ν), defined as,
χn(γ, ν) = χ
Schw
n (γ) + ν χ
1SF
n (γ) +O(ν
2) , (5.70)
will fractionally behave as
ν χ1SFn (γ)
χSchwn (γ)
∼ νγ as γ →∞ . (5.71)
Such a HE behavior (considered after having expanded in
ν) is exactly the type of behavior implied by the presence
of various factors 1/hp(γ, ν) in the expressions (5.65),
under the condition that the corresponding numerators
χ̂
(p)
n (γ) have the same HE behavior as χSchwn (γ), namely
χ̂(p)n (γ)
HE∼ γn. (5.72)
[Indeed, the SF expansion of 1/hp(γ, ν) is 1/hp(γ, ν) =
1 − p2ν(γ − 1) + O(ν2).] Actually, we know (from our
results above) that the HE behavior χ̂
(p)
n (γ) ∼ γn holds
true when n = 2 and n = 3 . Therefore, for these cases,
the present SF argument yields just a new confirmation
of results obtained in a different way. On the other hand,
for n ≥ 4 (i.e for the 4PM level and beyond) our conclu-
sion depends on excluding the presence of special cancel-
lations between the HE behaviors of the individual con-
tributions χ̂
(p)
n (γ) to their sum χSchwn (γ) =
∑
p χ̂
(p)
n (γ)
(which is known to be ∼ γn). Our conclusion (5.72) is
therefore, at this stage, when considered in its full gen-
erality (for arbitrary values of n and p), more a conjec-
ture than a proven statement. A confirmation of the
conjecture (5.72) comes from considering the HE limit
of χn(γ, ν) in the case where n is even. If we use the
expression (5.65) when n is even, all the terms on the
right-hand side will have at least one inverse power of
h(γ, ν). We therefore conclude from (5.72) that
lim
γ→∞
χ2m(γ, ν)
γ2m
= 0 , (5.73)
which is equivalent to the absence of even terms in the
HE expansion of χ as a function of α = γ/j.
We can now insert the HE behavior (5.72) of the χ
building blocks χ̂
(p)
n (γ)’s in the relations we derived above
linking the PM expansion of χ to the PM expansion of Q,
and therefore linking the χ̂
(p)
n (γ)’s to the building blocks
q̂
(p)
n (γ) of qn, as defined in Eq. (5.67). Let us first re-
call the values of the presently computed q̂
(p)
n (γ)’s. The
functions q̂
(1)
2 (γ) and q̂
(2)
2 (γ) are known explicitly, namely
q̂
(1)
2 (γ) =
3
2
(5γ2 − 1) , (5.74)
q̂
(1)
3 (γ) = −
2γ2 − 1
γ2 − 1 q
(1)
2 (γ) = −
3
2
(2γ2 − 1)(5γ2 − 1)
γ2 − 1 .
(5.75)
The 3PM-level function q̂
(2)
3 (γ) is equivalent to χ̂
(2)
3 (γ).
Similarly, the 4PM-level function q̂
(3)
4 (γ) is equivalent to
χ̂
(3)
4 (γ), while the other 4PM-level functions q̂
(1)
4 (γ) and
q̂
(2)
4 (γ) can be computed in terms of lower-PM-level func-
tions.
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We see on the explicit expressions (5.74), (5.75) that
these functions have an HE behavior of the type
q̂(p)n (γ)
HE∼ γ2 . (5.76)
The same is easily seen to hold for the other 3PM-level
function q
(2)
3 (γ), which is essentially a different notation
for the function denoted C(γ) in Eq. (3.62), if we fol-
low our conjecture (3.71) about the correct value of the
related function C¯(γ). When using the various links
we have derived above between the χ̂
(p)
n (γ)’s and the
q̂
(p)
n (γ)’s, one easily checks that the HE behavior (5.76)
follows from the property (5.72). A further argument for
the correctness of (5.76) is that it automatically predicts
to all PM orders that the 1SF expansion of the mass-shell
potential Q will be such that the ratio Q̂
nPM1SF
γ3 has a fi-
nite limit when γ →∞. In turn this property is exactly
what is needed to be compatible with the HE behavior
found for the exact Q̂ 1SF in Ref. [51], see Eq. (5.22). In
other words, the array of results and conjectures we have
presented above are all consistent with each other.
Let us finally note in passing that, despite the appear-
ance of denominators blowing up at low velocities (when
p2eob → 0, i.e. γ2 → 1) in intermediate expressions, the
functions qn(γ, ν) are all regular as p
2
eob → 0.
VI. SUMMARY
This paper has derived new general properties of post-
Minkowskian (PM) gravity, notably in its effective one
body (EOB) formulation. Our first result has been to
prove general expressions for the dependence of the mo-
mentum transfer (during the classical scattering of two
masses) on the two masses, and thereby on the symmet-
ric mass ratio ν (see Eqs. (2.15), (2.24)). This implies
specific constraints on the ν dependence of the scatter-
ing angle considered as a function of the reduced angular
momentum j ≡ J/(Gm1m2) (see Eqs. (2.45), (2.46),
(2.48)). A useful consequence of these results is that the
full knowledge of the 3PM dynamics is encoded in a sin-
gle function of the single variable γ = −(p1 ·p2)/(m1m2).
Moreover the same property holds also at the 4PM level.
We pointed out that these properties allow first-order
self-force (linear in mass ratio) computation of scatter-
ing to give access to the exact 3PM and 4PM dynamics.
We then generalized our previous work [20] by deriving,
up to the 4PM level included, the explicit links between
the scattering angle and the two types of potentials enter-
ing the Hamiltonian description of PM dynamics within
EOB theory. The first type of potential is the Q potential
entering the mass-shell condition of EOB dynamics
0 = gµνSchwarzPµPν + µ
2 +Q(X,P ) , (6.1)
while the second one is an ordinary, energy-dependent
radial potential W (E, R¯) entering a non-relativistic-like
quadratic constraint on the EOB momentum,
P2 = P 2∞ +W (u¯, P∞) . (6.2)
The first formulation is usually expressed in terms of
a Schwarzschild-like radial coordinate R (with u =
GM/R), while the second one uses an isotropic-like radial
coordinate R¯ (with u¯ = GM/R¯). The links between the
PM expansion coefficients of both types of formulations,
as well as their links with the PM expansion coefficients
of the scattering function, are given in section III. [See
Appendix A for the link of the EOB potential with the
potential used in Refs. [24, 25].] At the end of section
III we summarized the current knowledge of the PM-
expanded dynamics and stated that the recent classical
3PM-level dynamics derived by Bern et al. [24, 25] is
incompatible with the self-force computation of Ref. [51]
and must be replaced by the 3PM-dynamics described by
the new function
C
c
(γ) = γ(35 + 26γ2)− (18 + 96γ2) as(γ)√
γ2 − 1 , (6.3)
instead of the corresponding function (3.69) derived in
Refs. [24, 25, 49]. The PN expansion of our proposed
3PM dynamics (5.28) starts differing from that of the
corresponding one derived in Refs. [24, 25] at the 6PN
level. If the novel method of computing the PN-dynamics
introduced in Ref. [50] can be extended to the 6PN level,
one will be able to discriminate between the two proposed
3PM dynamics. See Eqs. (3.66), (3.72), (3.73) for the
comparison of the two corresponding predictions for the
6PN-level contribution to the 3PM scattering function
χ3.
Our arguments for mistrusting the classical transcrip-
tion of the amplitude computations of Refs. [24, 25] are
detailed in section IV. The latter section details also the
3PM generalization of a result of Ref. [20], namely the
computation of the scattering amplitude derived from
quantizing the 3PM EOB potential. Our computation
explicitly takes into account the IR-divergent contribu-
tions coming from the Born iterations of the EOB radial
potential. The usual potential-scattering amplitude feob
in the EOB radial potential is linked to a corresponding
Lorentz-invariant amplitude M via the simple rescaling
Meob = 8πGs
~
feob . (6.4)
However, we raise doubts about the possibility of retriev-
ing the classical-potential-derived amplitudeMeob either
from the full two-loop amplitude Mfull, or from the par-
tial amplitudeMquasi−classical computed in Refs. [24, 25].
If our doubts turn out to be confirmed, it will be impor-
tant (especially when going to higher PM orders) to un-
derstand how to use the technically rich content given by
the methodology of Refs. [24, 25] to recover the needed,
correct classical information.
Finally, section V discusses various features of the
high-energy (or massless) limit of the PM dynamics. We
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present several independent arguments (notably based
on the high-energy self-force computation of Ref. [51])
suggesting that: (i) the 3PM classical dynamics derived
in Refs. [24, 25] is incorrect; (ii) there exists a unique
corrected version (described by Eq. (5.28)) of the re-
sults of Refs. [24, 25] compatible with Ref. [51] if one
combines the recent 5PN result of [50] with structural
properties derived in Refs. [24, 25]; (iii) the high-energy
limit of PM gravity has simple scaling properties (see
Eqs. (5.72), (5.76)); and (iv) the high-energy limit of
PM scattering is qualitatively compatible with the two-
loop result of Amati, Ciafaloni and Veneziano [26], but
quantitatively disagrees with it, notably for a crucial sign
difference (see discussion at the end of subsection VE).
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Appendix A: Map between the EOB potential and
the potential of Cheung, Rothstein and Solon
Cheung, Rothstein and Solon (CRS) [22] have pro-
posed to describe the classical dynamics of a two-body
system by the same type of Hamiltonian that was con-
sidered long ago by Corinaldesi and Iwasaki, namely
H(x1,x2,p1,p2) = c
2
√
m21 +
p21
c2
+ c2
√
m22 +
p22
c2
+ V (x1 − x2,p1,p2) , (A1)
except that they did not limit themselves to working with
the PN-expanded form of such an Hamiltonian (a` la Eq.
(1.2)). In addition, when working in the c.m. frame
(with the c.m. Hamiltonian reduction p1 = −p2 = P),
they required a specific isotropic-like gauge-fixing of the
c.m. potential V (x1 − x2,p1,p2)c.m. = V (X,P) such
that V (X,P) depends only on P2 and R ≡ |X|:
V (P,X) = G
c1(P
2)
|X| +G
2 c2(P
2)
|X|2 +G
3 c3(P
2)
|X|3 +· · · (A2)
Ref. [22] derived a 2PM-accurate potential (from the
quasi-classical one-loop amplitude of Refs. [19, 21]) with-
out connecting this potential to the previously derived
(simpler) 2PM-accurate EOB potential of Ref. [20]. To
complete our study, let us sketch how the two types of
potentials are related by using the tools we have intro-
duced above. We will be brief because results essentially
equivalent (and sometimes to higher-orders) to the re-
sults below (though formulated differently) have already
been displayed in Refs. [25, 53, 54].
The gauge-invariant characterisation of the successive
coefficients wn entering the energy-dependent version of
the EOB potential obtained in subsection III C gives a
simple algorithmic procedure for extracting the gauge-
invariant information from the PM expansion (A2) of
the CRS potential V (X,P). Let us sketch how this can
done.
Starting from
H(P,X) =
√
m21 +P
2 +
√
m22 +P
2 + V (R,P2) , (A3)
with
V (R,P2) = G
c1(P
2)
R
+G2
c2(P
2)
R2
+G3
c3(P
2)
R3
+· · · (A4)
and denoting as P∞ the (common) magnitude of the c.m.
incoming (and outgoing) momenta, such that the total
(conserved) energy Ereal =
√
s of the two-body system
reads
Ereal(P
2
∞) =
√
m21 + P
2
∞ +
√
m22 + P
2
∞ , (A5)
we can perturbatively solve the energy conservation law
Ereal = H(P,X) for P
2. Beware that, in this appendix,
we will use the notation P∞ (without extra label) to
denote the magnitude of the asymptotic physical c.m.
three-momentum. This quantity differs from the corre-
sponding EOB incoming momentum, which was also de-
noted P∞ = µp∞ in the main text. Here, we will denote
the latter EOB incoming momentum as PEOB∞ = µp
eob
∞ .
The relation between P∞ ≡ P cm∞ and PEOB∞ will be re-
called below.
We look for a PM expansion of the type
P2 = P 2∞ +
W1(P∞)
R
+
W2(P∞)
R2
+
W3(P∞)
R3
+ · · · (A6)
whereWn ∝ Gn, such that the insertion of the expansion
(A6) in Eq. (A3), with the PM-expanded potential (A4)
solves the constraint Ereal = H(P,X). At first order in
G, this yields the constraint
dEreal(P
2
∞)
dP 2∞
W1(P∞)
R
+G
c1(P
2
∞)
R
= 0 , (A7)
which uniquely determines W1(P∞) in terms of c1(P
2
∞),
namely
W1(P∞) = −
(
dEreal(P
2
∞)
dP 2∞
)−1
Gc1(P
2
∞) . (A8)
At second order in G, we similarly get an equation
uniquely determining W2(P∞) in terms of c2(P
2
∞), of the
P 2∞ derivative of c1(P
2
∞), and of the previously deter-
mined W1(P
2
∞), namely
W2(P∞) = −
(
dEreal
dP 2∞
)−1 (
G2 c2(P
2
∞)
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+ G
dc1(P
2
∞)
dP 2∞
W1 +
1
2
d2Ereal
(dP 2∞)
2
W 21
)
. (A9)
This algorithmic procedure successively determines the
coefficients Wn(P∞) entering the PM expansion (A6) in
terms of the sequence of functions cn(P
2). The results
of this procedure agree with the corresponding results in
section 11.3.1 of Ref. [25], but we will use it here to relate
the EOB Q potential to the CRS V potential.
The next step is to transform the coefficients
Wn(P∞) into their corresponding gauge-invariant avatars
W˜n(P∞), defined in the same way as in Eq. (3.46) above,
namely
W˜1(P∞) =
W1(P∞)
P∞
,
W˜2(P∞) = W2(P∞),
W˜3(P∞) = P∞W3(P∞),
W˜4(P∞) = P
2
∞W4(P∞). (A10)
Then, applying the reasoning made around Eq. (3.46)
above, we conclude that the W˜n(P∞)’s extracted from
the sequence of functions cn(P
2)’s must be numerically
identical to the w˜n(p∞)’s entering the EOB potential.
One must simply take care of the presence of a fac-
tor (Gm1m2)
n due to the rescaling factors, P = µp,
E = Mh, J = GMµj, used above, and of the (crucial)
fact that the CRS and EOB quantities are expressed as
functions of different variables, namely P∞ ≡ P cm∞ ver-
sus PEOB∞ = µpeob. At this stage, we need to recall that,
according to, e.g., Eq. (10.27) of Ref. [20], the (rescaled)
EOB incoming momentum peob = p
eob
∞ is related to the
real, c.m. incoming momentum P∞ by
ErealP
real
∞ = m1m2
√
γ2 − 1 ≡ m1m2peob∞ . (A11)
Finally, we have the simple relations
W˜1(P∞) = Gm1m2 w˜
eob
1 (γ),
W˜2(P∞) = (Gm1m2)
2 w˜eob2 (γ),
W˜3(P∞) = (Gm1m2)
3 w˜eob3 (γ),
W˜4(P∞) = (Gm1m2)
4 w˜eob4 (γ) . (A12)
The first two EOB PM levels have been computed in Ref.
[20] and yielded the results
w˜eob1 (γ) =
2(2γ2 − 1)√
γ2 − 1 ,
w˜eob2 (γ) =
3
2
(5γ2 − 1)
h(γ, ν)
. (A13)
We have checked that by inserting the latter simple ex-
pressions in the relations written above gave the (much
more intricate) expressions of c1 and c2 derived in [22].
Note, in particular, that the asymptotic value ξ∞ of the
symmetric energy ratio defined in [22], namely
ξ(P2) ≡
√
m21 +P
2
√
m22 +P
2(√
m21 +P
2 +
√
m22 +P
2
)2 , (A14)
which does not appear in the EOB results, enters in c1
via the derivative
dEreal(P
2
∞)
dP 2∞
=
1
2ξ∞Ereal(P 2∞)
. (A15)
When working at the 3PM-level one can similarly relate
the coefficients c3, W˜3(P∞), w˜
eob
3 (γ) and q3(γ), and ex-
plicitly check that the value of c3 given in the last Eq.
(10.10) of [25] is equivalent to the (much simpler) expres-
sion of q3 obtained in the main text (and also derived in
Ref. [49] by using the formulas of [20]). Let us finally
note that Refs. [53, 54] derived all-order expressions for
the links between the quantities cn and wn (without con-
sidering, however, the more basic EOB coefficients qn).
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